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ABSTRACT

Preclosed graph is a generalised notion than that of closed graph .Some deeper properties of
this generalised closed graph have been investigated through nets and filters in this paper.
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1.INTRODUCTION.

Preclosed graph was defined by Bandyopadhyay et al.' with the aid of preopen sets given in
1982, by Mashhour et al.?. Cluster set concept is a useful technique for the study of closed graph.
Hamlett et. al.® have had recourse to this technique while they have carried out their investigations
concerning closed graphs. Inspired by them attempts have been made to study preclosed graph with
the aid of a set which is analogous to the cluster point set. Some basic properties of preclosed graph
have been studied in this paper via nets and filters.

2.MATERIALS AND METHODS.

Throughout the paper (X, 1) or X always denotes a non trivial topological space. The
following definition and proposition will be required for the presentation of the paper.
Definition 2.1.A subset A of X is called a preopen® set briefly a p.o. set iff AclInt(CI(A)) .The
family of all preopen sets of X is denoted by PO(X) and the family of all preopen sets containing a
point X eX is denoted by PO(X,x).The complement of a p.o. set is called preclosed. The family of
all preclosed subsets of X is denoted by PC(X).
Definition 2.2. The preclosure 2 of A = X is denoted by pcl (A) and is defined by pcl (A) =N {B : B
is preclosed and B o A}.
Definition 2.3. For a function f: X — Y, the graph G(f) is said to be preclosed * if for each (x, y) €
X x Y — G(f) there exist U € PO (X, x), V € PO (Y, y) such that [U x V] N G (f) = ¢.
Proposition2.1. The function f: X — Y has a preclosed graph * iff for each(x, y) eX x Y = G (f),
there exist U € PO (X, x), V € PO (Y, y) such that f [U] N V = ¢.
Definition2.4. Let A = X, x € X. Then A is a pre-neighbourhood ? (briefly pre-nbd.) of x if there
exists a U € PO (X, x) such that x € U < A.The family of all pre-nbds of a point x € X is denoted
by Np ().
Definition 2.5. Let f: X - Y, x € X. The cluster set >of f at x, denoted by C (f ; x), is defined as the
set of all points y in Y such that there exists a net <x,> ae A in X with x, — xand f (X,) — V.
Definition 2.6. Let X be a topological space and <x,> a.e A be a net in X. Then <x,> ae A is
said to be pre convergent * to a point x e X, denoted by x,—(p) X iff <x,> ac A is eventually in
every V € PO (X, x).
Definition 2.7. A space (X, 1) will be said to have the property P ° if the closure is preserved under
finite intersection or equivalently, the closure of intersection of any two subsets equals the

intersection of their closures.
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Definition 2.8. A mapping f: X — Y is called precontinuous ? briefly pc iff for each Veo,f?
[V] € PO (X).

Definition 2.9 . A space X is called precompact® if every p.o. cover of X admits a finite subcover.
Definition 2.10 . A space X is called pre-regular  if for each F € PC (X) and each x ¢ F there exist
disjoint p.o. sets U and V such that x e Uand F c V.

3. RESULTS AND DISCUSSIONS.
Definition 3.1. Letf: X — Y, x € X. The precluster set of f at x, denoted by PCP (f ; x) is defined
as the set of all points y in Y such that there exists a net <x,>,ae A in X with x, —( p)x and f (X)

—(p) ¥
Remark 3.1. Evidently every pre-cluster point of a function is a cluster point but the converse is not

true as shown by the following example.

Example 3.1. Let X = [-1, 1] and t be the cofinite topology on X. We take the set of natural
numbers N to be the directed set and let S : N — N be the net defined by S (n) = x, =1/n foralln
N. It is easy to verify that the net < 1/n >— 0but < 1/n >does not preconvergesto 0. Let i:X
— X, be the identity map. Then clearly 0 € C (i ; 0) but 0¢PCP (i ; 0).

Definition 3. 2. A filter on a space X is said to preconverge to x (written F — (p) x ) iff N, (x) c
F,that is iff F is finer than the pre-nbd. filter at x.

Theorem 3.1. Let (X, 1) be a topological space and A < X. If x € X, then x € pcl (A) iff there
exists a net in A which preconverges to X.

Proof : Let x € pcl(A).Then every pre-nbd of x intersects A. Let N, (x) be the collection of all pre-
nbds of x. Since X enjoys the property P, (N, (x), <) is a directed set. Now,N N A=¢d VN e N
(). Let xy € N N A. Consider the mapping S : N, (X) = (p)A definedby S(N)=xnv VN e N,
(x). Evidently, S is a net in A and it can be seen that S — (p) x. Sufficient part is readily obtained
from the classical technique.

Theorem 3.2. Letf : X —> Y. Then G (f) is preclosed iff PCP (f ; x) = {f(X)} Vx e X

Proof : Let G (f) be preclosed and y € PCP (f ; X). Then there exists a net <x,> ae A in X with X,
—(p) X, T (Xa) = (P)y and (Xo, T (Xo)) =(p) (X, ¥).S0, (X, y)epcl (G(f)). Hence, PCP(f ; x) ={f (X)} V
xeX. Conversely, suppose PCP (f ; x) = {f(x)} for x € X and (x, y) € pcl (G (f)). So, there exists a
net <X, ; T (X,) >on G (f) such that x, —(p) x and f (x,) — (p)y.Consequently, y € PCP (f; x), from
which it follows that y = f (x).Therefore,(x, y) € G (f), which implies pcl (G(f)) < G(f). So, G(f) is

preclosed.
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D efinition 3.3. Let F = {A,: a € A} be a filterbase in X. Then F pre accumulates at a € X
(written F 5 a) ifforeveryU e PO(X,a),U N Ag#¢ VYVae A
Theorem 3.3. Letf: X —> Y, x € X. Then the following are equivalent :

(1) yePCP(f;x);

(2) ye N {pcl(f[U]): Uisapre-nbd of x};

(3) fIN,(X)] » vy, whereN(x)isthe family of all pre-nbds of x;

@ fIINp O] 2 x

(5) xeN{pcl(f[V]:V eN,(y)}where N, (y) is the family of all pre-nbds of y;

(6) There exists a filter F with F — (p) x such that f (F) — (p)y.
Proof : (1) > (2). Lety e PCP (f; x). This implies that there exists a net x, —(p) X such that f
(Xo) =>(p) y- Suppose U € N, (x) and V € N, (y). Hence X, is eventually in U and f (X,) is so in V.
From this it follows that f [U] N V # ¢.Hence y € pcl (f[U]) ¥V U € N, (x) .Consequently, y e
N {pcl (F[U]) : U e N, (X)}.
(2) - (3).Suppose y € N {pcl (f[U]) : U € N, (X)}.This indicates that y € pcl (f[U]) V U € N,
(x).So, f[lUI NV F¢d VVeN,(y).Thus, {f[Ul:UeN, (X} d2y= fIN,(X] 2 V.
(3)>(4). TakeUe N, (X),VeN,(y).By(),f[N,(x)] & ywhence f[UINV=¢ VUeN,
(x)and V'V e N, (y). Itisclearthat f[X] N V=¢ ¥V V e N, (y) sothat f* [N, (y)]is a filter
base on X. From this we observe that U N f1[V]=¢ YU e N, ,(x)and V' [V] € f* [N, (y)]
which induces that f* [N, (y)] » x.
(4) = (5). Assume f " [N, (y)] ® x.So, UNT1[V]#¢d VUeN,(x),VF'[V]e f1IN,
(Y)], V € N, (y).This assures that x e pcl (f* [V]), V € N, (y). Since V is arbitrary x € N {pcl (f
TIV]) 1V e Np ()}
(1) > (6). Suppose y e PCP (f ; x). Then there exist a net X, — X such that
f (Xo) >(p) y. Since x, —(p) X, the filter F generated by the net <x,> is such that F — (p) x. Also
{f (Xo) : o € A} generates a filter f (F) with f(F) — (p) y. Thus there exists a filter F — (p) x such
that f (F) —(p) y.
(6) > (1).Let F — x such that f (F ) —(p) y.Then the net S = {X,, : o € D} based on the filter F pre
converges to x and the net f (S) = {f (x,) : o € D} based on f (F )preconverges to y.
Theorem 3.4. Iff: X — Y and A be a precompact subset relative to X, then PCP (f ; A) = {PCP (f;
a) :a e A} € PC (X).
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Proof : Lety € PCP (f; A).Theny ePCP (f; a) forsomea € A. Theny € N {pcl (f[U]) : U € N,
(a)}.Let U be a p.o. set such that U > A. This shows that PCP (f; A) c N {pcl (f[U]) : U € PO (X),
U o A}.To establish the reverse inclusion, assumey € N {pcl (f[V]) : V € PO (X), Vo A}...(1) .
If possible suppose f [N, (X)] 2y foranya e A.-Then for each a € A, there exist U (a) € N, (a)
and V, € N (y) such that f [U (a)] N Va=6....(2).Now {U (a) : a € A} is a cover of A by p.o. sets in
X and precompactness of A provides a finite family{U (a;), U (ay), ..., U (a,)}which covers A. So,
Ac U {U(@):1=1.2,...,n}..(3). Let {V,:i =1, 2, ..., n} be the corresponding pre-nbds of y
satisfying (2). Set V=N {V, :i=1,2,...,n}.Clearly, VePO (Y, y). Also in virtue of (2)
V NfIU{U (&) :i=1,2,....,n}] = ¢=V N f[U] = ¢ whereU{U (a): i=1,2,...,n} = U € PO (X) and
AcU by @)=ye{pcl (f[U]):UePOX),UA}=yeN{pcl (f[U]) : U PO (X), U>
A}= a contradiction to (1).So, f [N , (x)] & y. Consequently, y € PCP (f;a) for somea e A and
hence y € PCP (f; A).Thus PCP (f; A) = N {pcl (f[U]) : U € PO (X) with U > A}.So, PCP (f; A)
e PC (X).
Theorem 3.5. If G (f) € PC (X x Y) for the function f: X — Y and A — X is precompact relative to
X then f [A] € PC (Y).
Proof :Since G (f) is preclosed, PCP (f;a)={f(a)} Vae A= U {PCP (f;a) :a e A} =PCP (f;
A).So,PCP (f; A) € PC (Y)= f[A] € PC (Y).
Definition 3.4. Letf: X —> Y,y e Y. The inverse pre-cluster set of fat y denoted by PCP ™ (f ; y)
is the set of all x € X such that y € PCP (f; x).
Theorem 3.6. Letf: X — Y. G () is preclosed iff PCP * (f;y) = {f ' (y)} VyeY.
Proof : Suppose G (f) is preclosed. Let x € PCP ™ (f;y). Theny e PCP (f; x). The preclosedness
of G (f), yields that PCP (f; x) = {f (X)}. Nowy e {f(X)}=y=f(X) = x € {f * (y)}= PCP™ (f;
y) < {f * (y)}.To exhibit the reverse inclusion, let x e {f (y)}. So, f (x) = y. Since G(f) is preclosed,
PCP (f ; x) = {f (x)}.From this one obtains y € PCP (f ; x) and hence x € PCP™ (f ; y) which in its
turn gives that {f * (y)} = PCP™ (f ; y).So, PCP™ (f ; y) = {f ((y)}.Conversely let x € X and y ePCP
(f ; X). By definition, then, x € PCP (f ; y). This, by hypothesis, then gives that x € {f * (y)}.
Hence y = f (x). From this it follows that PCP (f ; x) = {f (x)},then guarantees the preclosedness of
G(f).
Theorem 3.7. Letf : X — Y and A be precompact relative to Y. Then

PCP*(f ; A)= U {PCP ™ (f;a) :a € A} € PC (X).
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Proof : E_et x € PCP™ (f; A). Thenx e PCP™ (f ;a), for some a € A. By definition, this implies
that a € PCP (f; x).Then x € N{pcl (f * [B]) :B e N, (a)}.Let V e PO (Y) with V > A. This
means V e N, ().S0, x € N {pcl (F* [V]) : V e PO (Y) with V o A}, whence PCP * (f; A) c N
{pcl (F * [V]: V e PO (Y) with V > A}.To prove the reverse inclusion suppose that x € N {pcl (f
LIV]) : V e PO (Y) with V > A}.Suppose, if possible x ¢ PCP ™ (f; A)= x ¢ PCP ' (f;a) Vae
A =agPCP(f;x) VaeAThisindicatesthat f*[N,(a)] » x Vae AThenforeachac A,
there exist V (a) € PO (Y, a) and U, € PO (X, ) with f * [V,] N U, = ¢.Clearly, {V (a) : a € A} is
a cover of A by p.o. sets. The precompactness of A provides a finite subfamily {V (&) : i=1, 2, ...,
n} of the above family such that A < U V (a&).Let {U,:1=1, 2, ..., n} be the corresponding pre-
nbds of x. Now consider the expressionP=Q N {f* [V (@a)] N f [V (a)] N ... N f1[V
(an)] Iwhere Q = N U, € PO (X, x), as X enjoys the property P. By the foregoing P = ¢. So, Q N
fIl UV@]=¢0=>QNf'[V]=d,whereV= U V(a) e PO(Y).Now, V e PO (Y)and Q
NFHIVI=¢=x ¢ {pcl (F T [V]) : V e PO(Y)withV 5 A}= x ¢ N {pcl (F * [V]) : V € PO (Y)
with V > A} = a contradiction. Hence x € PCP ™ (f; A).Thus PCP * (f; A) = N {pcl (F ' [V]) : V
e PO () with V > A}.This indicates that, PCP™ (f ; A) € PC (X).

Theorem 3.8. Let G(f) € PC (X x Y) for the function f: X — Y. If A is precompact relative to Y,
then f * [A] € PC (X).

Proof : Since G(f) is preclosed PCP ™ (f; a) = {f" (a)} for everya e ANow f* [A]=U {f* (a) : a
e A}= U {PCP ™ (f;a):a e A} =PCP ™ (f; A).But PCP * (f; A) € PC (X), Hence f * [A] € PC
(X).

Definition 3.5. A mapping f: X — Y is called p-closed if f [F] € PC (Y) for every F € PC (X).
Lemma 3.1. Letf: X — Y be a p-closed map. Given any subset S of Y and any A € PO (X) with f
"1 [S] = A, there exists a B € PO () containing S such that f * [B] = A.

Proof : LetB=Y —f [X-A]. Since f*[S] — A it follows that S — B. Moreover B € PO (Y) as f
is p-closed. The fact that f * [B] = X - f "f[X - Al « X — (X -A) = A, completes the proof.
Theorem 3.9. If the function f : X — Y is p-closed with preclosed point inverses and X is pre-
regular then G (f) is preclosed.

Proof : Clearly, we have {f (y)} cPCP * (f;y) Vy e Y. Since {f * (y)} is p.c. foreveryy € Y,
it follows that pel ({f * (y)}) = {f * (y)}. We now assert that PCP * (f ; y) < pcl ({f * (y)}) = {f *
(y)} V yeVY.letyeY. Ifpossible, there exists a point x € X such that x e PCP ™ (f; y) — pcl
({f ™ (y)}).The pre-regularity of X, then, gives the existence of U € PO (X, x) and V e PO (X)
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containing {f * (y)} such that U N V = ¢= U N pcl (V) = ¢.Since f is p-closed and {f * (y)}
Vthere exists a W € PO (Y, y) such that ™ [W] < V.Now x € U = x ¢ pcl (V)= x ¢ pcl (f *
[W]) =xe N {pcl (F*[W]) : W e N, (y)}.Theny ¢ PCP (f; x), whence x ¢ PCP ™ (f ; y). But
this is a contradiction to the above assumption and hence the preclosedness of G(f) is finally
established.

Corollary 3.3. Letf: X — Y be p-closed with preclosed point inverses. If X is pre-regular while Y
is precompact then f is pc.

Proof :Since f is p-closed with preclosed point inverses and X is pre-regular, G (f) € PC (X x Y).

The precompactness of Y and preclosedness of G (f) together imply that f is pc.
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