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ABSTRACT:

Let f: V(G) - {1,2,.. ,|[V(G)|} be a bijection, and let us denote S = f(u)+ f(v) and
D = |f(u) — f(v)| for every edge uv in E(G). Let f' be the induced edge labeling, induced by the
vertex labeling f, defined as f’: E(G) — {0,1} such that for any edge uv in E(G), f'(uv) =1 if
gcd(S,D) =1, and f'(uv) = 0 otherwise. Let e;(0) and e (1) be the number of edges labeled
with 0 and 1 respectively. Then f is said to be SD-prime cordial labeling if |efr(0) — efr(1)| <1
and G is said to be SD-prime cordial graph if it admits SD-prime cordial labeling. In this paper, we
investigate the SD-prime cordial labeling behaviour of subdivision of some snake graphs, namely
subdivision of: triangular snake, alternate triangular snake, quadrilateral snake, alternate quadrilateral
snake.
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INTRODUCTION:

Let G = (V (6), E(G)) be a simple, finite and undirected graph of order |V (G)| = p and size
|E(G)| = q. For standard terminology of Graph Theory, we used". For all detailed survey of graph
labeling we refer?. Lau, Chu, Suhadak, Foo, and Ng* have introduced SD-prime cordial labeling and
they proved behaviour of several graphs like path, complete bipartite graph, star, double star, wheel,
fan, double fan and ladder. Lourdusamy and Patrick’ proved that
S'(Kin) Da(Kin), S(Kin), DS(Kin), S'(Ban), D2(Bnn)s TLni DS(Ban), S(Bpn). Kis
Kin, CHy, Fl,, BPZ T(B), T(C,),Qn, A(Ty), ) P, © K;and  C, O Kjthe graph obtained by
duplication of each vertex of path and cycle by an edge are SD-prime cordial. Lourdusamy, Wency
and Patrick® proved that the union of star and path graphs, subdivision of comb graph, subdivision of
ladder graph and the graph obtained by attaching star graph at one end of the path are SD-prime
cordial graphs. They proved that the union of two SD-prime cordial graphs need not be SD-prime
cordial graph. Also, they proved that given a positive integer n, there is SD-prime cordial graph G
with n vertices. Prajapati and Vantiya® proved that T,,(n # 3), A(T,,), Qs, A(Q,,), DT,, DA(T,), DQ,
and DA(Q,,) are SD-prime cordial.

Definition 1: If the vertices or edges or both of a graph are assigned values subject to certain
conditions then it is known as vertex or edge or total labeling respectively.

Definition 2: 3 A bijection f:V(G) = {1,2, ..., [V(G)|} induces an edge labeling f': E(G) —» {0,1}
such that for any edge uv in G, f'(uv) =1 if gcd(S,D) =1, and f'(uv) = 0 otherwise, where
S=f()+ f(v) and D = |f(u) — f(v)| for every edge uv in E(G). The labeling f is called SD-
prime cordial labeling if |ef,(o) — e}(1)| < 1. G is called SD-prime cordial graph if it admits SD-
prime cordial labeling.

Definition 3: * The subdivision graphS(G) is obtained from G by subdividing each edge of G by a
vertex.

Definition 4: 2 A triangular snakeT,, is obtained from the path P, by replacing every edge of a path
by a triangle C5. That is, it is obtained from a path u,, u,,...,u, by joining u; and u;,, to a new
vertexw; fori =1,2,...,n — 1.

Definition 5: 2 An alternate triangular snakeA(T,) is obtained from the path P, by replacing every
alternate edge of a path by a triangle C5. That is, it is obtained from a path u,, u,, ..., u, by joining u;

and u;,, (alternately) to a new vertex w; fori =1,2,...,n — 1.
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Definition 6: 2 An alternate quadrilateral snakeA(Q,,) is obtained from the path B, = uy, u,, ..., u,
by replacing every alternate edge of a path by a cycle C,, in such a way that each pair of vertices
(u;, u;41) remains adjacent. That is, it is obtained from a path B, = u,, u,, ..., u, by joining u; and
u;,, (alternately) to new vertices v; and w; respectively, and then joining v; and w; by an edge, for
i=12,..,n—1.

Notation: Throughout this paper, a path B, = uq, u,, ..., u,, Wheren > 1.

MAIN RESULTS:

Theorem 1: The graph S(T;,) is SD-prime cordial.

Proof: LetV(S(T,)) = V(B,) U {u),w;, w/,wj:1<i<n-1}and

E(S(T) = {wgul, wug, uyw!, wiwy, wow!",w/'u;yq : 1 < i < n — 1}. Therefore, S(T,) is of order

5n — 4 and size 6n — 6.

Figure 1:5(T,)
Define £:V(S(T,)) - {1,2, ..., 5n — 4} as follows:
f(w)=5i—4 ifl<i<n;

5i ifi##0(mod 3),1<i<n-1;
rap={" .

5i—1 ifi=0(mod3),1<i<n-1;

5i—3 ifiz0(mod3),1<i<n-1,;
f(Wi):{_ o )

5i ifi=0(mod3),1<i<n-1;

, 5i—1 ifi#0(mod3),1<i<n-1;
fon =270 .

5i—3 ifi=0(mod3),1<i<n-1;

fw;)=5i—-2 ifl<i<n-1
Therefore, e;(0) = e (1) = 3n — 3.
Thus |e;+(0) — e;(1)| < 1. Hence S(T,) is SD-prime cordial.
Theorem 2: The graph S(A(T,)) is SD-prime cordial.
Proof:

Case-1: Let the first triangle C3 be starts from u; and the last triangle be ends at u,,:

In this case, n will be an even number.
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Let V(S(A(Tn))) =VE)V{ul<i<n—-1}u{w,w/,w/:iisoddand1 <i<n-1}
andE (S(A(Tn))) ={wuj, ujuip,:1 < i <n—1}U {uw), wiw, wiw{ ,wj'u; 1 iisodd and 1 <

i <n — 1}. Therefore, in this case, S(A(T,)) is of order 7”2—_2 and size 4n — 2.

uy u,lI Uy Uy Us Us uy, u, Us ug Ug

Figure 2:5(A(Ts))

Define f:V (S(A(Tn))) - {1, 2,..., 7n2_2} as follows:

14i — 9 + (—1)!

Flug) = = 4( ) ifl<i<n
14i — 3 + 3(—1)!

f(u) = : 3 (=1) ifl1<i<n-1,
7i+5 . .

flw;) = > ifiisoddand1<i<n-1;
7i+1 o )

fw;") = > ifiisoddand1<i<n-1;
7i—1

fw,") = ifiisoddand1<i<n-1

Therefore, if e;(0) = e, (1) = 2n — 1.
Case-2: Let the first triangle €5 be starts from u, and the last triangle be ends at u,,_;.

In this case, n will be an odd number. Let n > 1. Define V (S(A(Tn))) and E (S(A(Tn))) as per

Case-1. Therefore, in this case, S(A(T,)) is of order ? and size 4n — 4.

Figure 3:5(A(T))
Define f:V (S(A(T,))) - {1.2....,
Therefore, e, (0) = e;(1) = 2n - 2.

7n-5
2

} as per the case-1.
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Remark: Note that, the graphs of case-2 and case-3 are isomorphic graphs, so it is enough to prove
that any one of these two graphs is SD-prime cordial. But here we have given separate labelings for
both the cases.

Case-3: Let the first triangle €5 be starts from u, and the last triangle be ends at u,,.

In this case, n will be an odd number. Letn > 2.
LetV (S(A(Tn))) =VB)v{uil<i<n-1}u{w,w/,w/iisevenandl <i<n-—
1}andE (S(A(Tn))) ={wuj, ujuip1:1 < i <n—1}U {u,w!, wiw, wiw{’ ,wj'u;,4: i is even and

1 < i < n— 1}.Therefore, in this case, S(A(T,,)) is of order ? and size 4n — 4.

Figure 4:S(A(T))

Define f: V (S(A(Tn))) - {1, 2,..., 7"_S}as follows:

2

fu) =2,f(wy) =1,
14i — 15 — (—1)!

flu) =1 Fosism
14i — 9 — 3(—1)!

f(u) = 2 (=1) if2<i<n-1;
Ti+2

f(w) = > ifiisevenand1 <i<n-1,
7i—2

fw;") = > ifiisevenand1 <i<n-1,
7i-4

fw,") = ifiisevenandl1 <i<n-—1.

Therefore, e;(0) = e (1) = 2n - 2.
Case-4:Let the first triangle C5 be starts from u, and the last triangle be ends atu,,_;.

In this case, n will be an even number. Let n > 2. Define V (S(A(Tn))) and E (S(A(Tn))) as per

7n—8
2

Case-3. Therefore, in this case, S(A(T,)) is of order and size 4n — 6.
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Figure 5:5(A(Ts))

7n—8
2

Define f: V (S(A(Tn))) - {1, 2., }as per the Case-3.

Therefore, e;(0) = e (1) = 2n - 3.

Thus in all cases |e;(0) — ez (1)| < 1. Hence S(A(T,,)) is SD-prime cordial.

Theorem 3: The graph S(Q,,) is SD-prime cordial.

Proof: Let V(5(Q,)) = V(B) U {u},w;, v, w/, v}, w/:1<i<n-1}and

E(5(Qn)) = {wu}, wjuyyq, uiv), viv, viw!", w/'wy, wiw/, wjug,1: 1 < i <n — 1}. Therefore, S(Q,,)

is of order 7n — 6 and size 8n — 8.

vy Wyt Wy Vo Wy Wy V3 W3 ) Vy wyt Wy,

Faa ¥
\ 4
uz

£ 0

Figure 6:5(Qs)

Define f:V(5(Q,)) - {1,2,..., 7n — 6} as follows:
fu)=7i—6 ifl<i<n;
fuy) =7i ifl1<i<n-1,
fv)=7i—-5 ifl<i<n-1;
fw)=7i—-2 ifl<i<n-1;
FW)=7i—-4 ifl<i<n-—1;
fwH)=7i-1 ifl<i<n-1;
fw/)=7i-3 ifl<i<n-1

Therefore, e;(0) = e (1) = 4n — 4.

Thus |e;(0) — e;(1)| < 1. Hence S(Q,)is SD-prime cordial.

Theorem 4: The graph S(A(Q,)) is SD-prime cordial.

Proof: Case-1: Let the first cycle C, be starts from u; and the last cycle C, be ends at u,,.

In this case, n will be an even number.
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Let V(S(A(Qn))) =VB)U {u:1<i<n-1}u {w,v,w v{,wj" iisoddand 1 < i <n—
1} andE (S(A(Qn))) = {wuj, ujuip,: 1 < i <n—1} U {wv], viv;, viwi,wi'w;, wywy,

-2 .
"2 and size

W{ujyq: i is odd and 1 < i < n— 1}. Therefore, in this case, S(A(Q,,)) is of order

2

5n — 2.

Fa
N~
Uz

£0
L0

Uz

Figure 7:5(A4(Qs)) : Case — 1

Define f: V (S(4(Qn))) > {1.2. ..,
(18i — 9 + 5(—1)!

on-2
2

} as follows:

2 ifi=1(mod4)ori=2(mod4)and 1 <i<n;
) =1, .
18i —13+5(-1)" ;r; = 3(mod 4) ori = 0(mod 4) and 1 < i < n;
\ 4
(18i — 3(-1)¢
181+743( D ifi=1(mod4)ori =2(mod4)and1l <i<n-1;
rap =1 .
18i +7 - 7(-1)' ifi=3(mod4)ori=0(mod4)andl <i<n-1;
\ 4
(912_5 ifi=1(mod4)and1<i<n-1;
flv) =99, ~ 3 o . _
—— ifi=3(mod4)andl<i<n-1;
9i+1
12 ifi=1(mod4)and1l<i<n-1;
fwd =49;~1 o . _
5 ifi=3(mod4)andl<i<n-1;
9i—3
12 ifi=1(mod4)and1<i<n-1;
fv) =19;Z5 o . _
5 ifi=3(mod4)andl<i<n-1;
N 9i+3 .
fw;") = > ifiisoddand1<i<n-1,
9i—1
12 ifi=1(mod4)and1<i<n-1;
Fwi)=99;51 o .
5 ifi=3(mod4)andl<i<n-1

5n-2

Therefore, e;(0) = e (1) = -
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Case-2: Let the first cycle C4 be starts from u; and the last cycle C, be ends at u,,_;.

In this case, n will be an odd number. Let n > 1. Define V (S(A(Qn))) and E (S(A(Qn))) as per the
Case-1. Therefore, in this case, S(A(Q,,)) is of order 9”2—_7 and size 5n — 5.

vy w," w, vy W3 W3

=0

'Y ) ) O
u2 Ll3 u3 U4

Figure 8:5(4(Qs)) : Case — 2

Define f: V (S(A(Qn))) - {1, 2,... 9”_7} asper the case-1.

"2

Therefore, e;(0) = e;/(1) = 5n2—5.

Case-3: Let the first cycle €4 be starts from u, and the last cycle C, be ends at u,,.
In this case, n will be an odd number. Letn > 2.

Let V(S(A(Qn))) =VB)U {u:l1<i<n—-1}u {w,v,wi,v/,w/ iisevenand1 < i <

n — 1} andE (S(A(Qn))) = {wuj, uju;p,:1 < i < n— 1} U {wv], viv, viwi, wiwi, wwy,

l
W/u;q: i is evenand 1 < i < n — 1}. Therefore, in this case, S(A(Q,)) is of order ? and size

5n — 5.

7\
0,
Us

Figure 9:5(A4(Qs)) : Case — 3

Define f: V (S(A(Qn))) - {1, 2, ... 9n_7} as follows:

"2
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(18i — 21 — 7(=1)!

2 ifi=1(mod4) ori=2(mod4)and1 <i<n;
fay=1, .
18i — 21 —3(-1)' if i =3(mod4)ori=0(mod4)and1 <i <n;
\ 4
(18i — —1)¢
180 1:5( D ifi=1(mod4)ori =2(mod4)and1l <i<n-1;
rap =1 .
18i - 17 -7(-1)" ifi=3(mod4)ori=0(mod4)andl <i<n-1;
\ 4
(912_8 ifi=2(mod4)andl<i<n-1;
fv) =49;~ 10
— ifi=0(mod4)andl<i<n-1;
912—6 ifi=2(mod4)andl<i<n-1;
5 ifi=0(mod4)andl<i<n-1;
i —1
9~ 10 ifi=2(mod4)andl <i<n-1,
Fw) =14 24
5 ifi=0(mod4)andl<i<n-1,
9i—2
fw") = 12 ifiisevenand1 <i<n-1,
| — 4
o ifi=2(mod4)andl <i<n-1,
Fw) =162
5 ifi=0(mod4)andl<i<n-1
5n-5

Therefore, ef,(o) = ef,(l) =—
Case-4: Let the first cycle €4 be starts from u, and the last cycle C, be ends at u,,_;.

In this case, n will be an even number. Let n > 2. Define V (S(A(Qn))) and E (S(A(Qn))) as per

the Case-3. Therefore, in this case, S(A(Qn)) is of order % and size 5n — 8.

v, W W, vy W4u Wy

O ) ot Fat e rat O
NS 7 A\ A\ 7 N o/ \ - o/

: . ] : >

uy uy T u, T uy Uy u, Ug ug 5

Figure 10:5(A(Qg)) : Case — 4

Define f: V (S(4(Qn))) > {1.2. ..,

Therefore, e(0) = e;(1) = 5n2—8.

In-12
2

} as per the Case-3.

Thus in all cases |e;(0) — e (1)| < 1. Hence S(4(Q,,)) is SD-prime cordial.
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CONCLUSION:

We have proved that the graphs S(T;,), S(A(T,)),S(Q,) and S(A(Q,,))are SD-prime cordial.

Further investigation can be done for subdivision of other graph family.
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