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ABSTRACT:

The concept 2 normed space was introduced by S. Gahler. After Daminni and A.White
introduced the ideas of strictly 2 convex 2 —normed space. They gave several important result on strictly
convex 2-nornmed spaces. This paper consist of several characterization of strictly convex 2 normed
Spaces.
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INTRODUCTION:

Let L, be a linear space of dimension greater than L and ||| a real valued function on L XL

which satisfies the following four conditions:

1. ||a,b||=0 ifand only if a and b are linearly dependent,
2 lla,bf=lb, afl,

3. lla,Bb||=IIB]l]l a,b]|, when B is real,

4 la,b+c|<|labll+]lac].

|- is called a 2- normon L and (I, [|{]) linear 2- normed space.
The 2- norm is a non-negative function.
With respect to the definition of the 2-norm the notion of Linear 2- normed space is a 2- dimensional
analog to the notion of normed linear space. A normed linear space is called strictly convex if
Ix+yll=lIx]|+]lylland [|x[|=[| y [=1 imply that x ='y.
For non-zero vectors a,b L, let V (a, b) denote the subspace of L generated by a and b. whenever
the notation V (a, b) is used, it will be understood that a and b are non-zero vectors. A linear 2 —
normed space (L, [-]) said to be strictly convex if ||a+b,c||+]| b,c]||ac||=|lb,c|=1and
cg V(a, b) imply that a = h.
If ¢ is a fixed non-zero element of L, let VV(c) denote the linear subspace of L generated ¢ and let L,

be the quotient space L/V(c). For a eL,let a; represent the equivalence class of a with respect to

V(c). Le is a vector space with addition given by a . +bC = (a+ b)c and scalar multiplication by
aa,, = (aa)e. For arbitrary a,b e Lwhich satisfy a. = b, the conditions.

lla,cll-llb,cll|la—b, c|l=0, and thus, || a, c||-|| b, c||. Therefore, the real-valued functions |||, on
L. given by || a. ||C:|| a, ¢ ||is well-normed.

Lemma:

[lll isnormon L.

Proof:
1. llac Il =0 ifand only if || &, c||=0 i.e., ifand only if a, =0,
, loag o= (), ldl aacl=lallacidallaclHallach ey is el
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3. llag+blic=li@+b)eli=lla+b, clifiacli+lbel=lagll, +b

cllg Tloe -

Theorem :

For a linear 2-normed space (L, |1, the following are equivalent :

1. (L, [I1) is strictly convex.

2. For every non-zero c € L, (LC,||-||) Is strictly convex.

3. la+b, cl|=a,b|[+] b,c| and ¢ eV(a,b) imply that a = aa, for some o > 0.

4. la—d, cll=alla=b,c]|,|b—d.c||=(a—a)]a-b,c|lae(0,1), and c e V(a—d,b—d) imply
that d = (1- €)a+ ab.

Proof:

1. Let (L, [I]) be strictly convex and let ¢ be a fixed non-zero element of L. If

llag +be llo=llag llg +11be [l and [Jag [l=llbg [Io=1. then [la+b, c|l<|a,c|[+||b,c|| and

lla, c||dIb,c|l=1. For the case ¢ V(a,b) and a.and Bthen 0, +c. =aa +Bb, or

aa=—pb. From ||a, [l,=ll b ll,=1. it follows that o = If o= then ¢ =a(a+b) which
contradicts ||a+b, c||= ||lac + bel|c = 2. Therefore, o = —J[Jand hence a; = b. Thus (L, ||-]| is

strictly convex.

2. Assume condition 2 holds. For ¢ €V (a, b), let |la + b, c|]| = |la, ¢|| + [|b, c|, ie.,
llag +b ll.=llag Il +IIbg [l By the strict convexity of (LC ||-||e), it follows that b, =aa,,
some a > 0. Finally, ¢ € V(a,b) implies that b = a:aand condition 3 is satisfied.

3. Assume condition 3. From ||a—d, c||=a]la—b,c|=1-alla-b,c]], CeV(a—d,b—d) and
ae(O,l), it follows that (1—(x)||a—b,c||:|| b—d,c|| = Blla—d,c|l=af||a—b,c]| implies that
d = (1—o)oa +b. Therefore, condition 4 is established.

4. Finally, assume condition 4 and let ||a+b, c||=]|a,c]||+]| b,c]|,||a,c|H| b,c|=1, where
Ce V(a, b). By condition 4, 0 =a —b, i.e. a = b. Therefore (L, |- ) is strictly convex and the
theorem is proven.

If L is a linear space of dimension greater then 1, let B*; be the set of all formal expression 2.a; xb;,

where a;, bi (i=1, ...., m) vectors in L. Let — be the equivalent relation on B’; defined by
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m m
i=1 i=1

if for arbitrary linear functions fand g on L,
3 fla) ola 3 at] olal
~|f(b) bloy) bi) alb

i=1 i=1
Let B be the quotient space B1/—. The elements of B are called bivectors over L and the elements of B,

f
f

belonging to a bivector are called representatives of this bivector. The bivector with the representative

m m
zaixbi will also be denoted by @[ZaiXbi]. If a bivector has a representative of the form
i=1 i=1

m
Zai xb; = a; xb;, then it is said to be simple. Only in the case where L has dimension less than or
i=1
equal to 3 does every bivector over L turn out to be simple. The space B is a linear space with
m m m+n m m
(ZaiXbij"'[zaHmXme] :[ZaiXbi] and Ba(zaiXbiJ:a(zaiXBbi}When pis real. If
i=1 i=1 i=1 i=1 i=1
|I]| is a norm on By, then ||a,b||=|| (a><b)|| defines a 2— norm on L. There is an example which shows

that for every 2— norm |.{ on L, there need not exist a norm ||-|| on B; which satisfies || (axb)|| —|lab]|

forall a, b e L if bivector L, i.e., if L has dimension less than or equal to 3, then for every 2 — norm |-

on L there is a norm ||-|| on B; with ||(a><b)||—||ab|| forall a,belL.

Theorem :

Let L be a linear space of dimension greater than 1, ||-]|, be a norm on By, and |.] be a 2- norm on L
with || (a>< b)||:|| a, bj| forall a,belL.If (Bl,||-||) is strictly convex, then (L, |-{) is strictly convex. If
the dimension of L is less than or equal to 3 and (L,|-.q) is strictly convex, then (Bl,||-||) is strictly

convex.

Proof:

1. Suppose (Bl,ll-ll) is strictly convex 1 or CeV(a,b), assume ||a+Db, c||5|a,c||+]|b,c]| and

la, cll=llb.cl=1. Then, ||(axc)+(bxc)lldl (axc)ll+[l(bxc)ll and [|*axc)l=*(bxc)l=1.
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Since (Bl,ll-ll) is strictly convex, it follows that *(axc)|l=*(bxc). This implies that
a—b e V(c) Therefore, a = b, since ¢ ¢ V(a,b),

2. Suppose L has dimension less than or equal to 3 and (L,|.]|) is strictly convex. Let
|*1+*2|=|*1|| +||*2 and ||*15|*2|=1. Hence, there exist vectors a, b, ceL with
*1=*axc) and *2=*bxc) Thus, ||a+b,c|Hlac|+[b.c| and |ac|=lb,cl=1. If
ceV(a,b), these equations imply that c=a(a—b) for some real, and hence *1 = *2. If
c ¢ V(a,b), then strict convexity of (L, |1 ) implies that a = b, i.e. *1 = *2,

If L is a 2—dimenstional linear space, then B; is a 1-dimenstional normal linear space and every 1—

dimenstional normed space is trivally strictly convex. Therefore, every 2—dimensional linear 2—normed

space is strictly convex. Also, it follows that there are linear 2—normed space which are not strictly

CONVex.

Theorem :

Let (L, |1 be a linear 2-normed space and (L',]|-]|) be a linear normed space.

Proof:

1. If (L, |I1) is strictly convex, c is a fixed non-zero-element of L, and f is a function from L into L
which satisfies || f(a) —f(b),c||=|a—Db]| for every a,b € L,then the function g from L’ into L,
defined by g (a) = [~ f(8)]; . is linear.

If (L,||-||) is strictly convex, c is a fixed non-zero element of L, and f a function from L into L’
satisfying || f(a) — f(b) ||=l|a —b,c||, for every a,e bL, then the function g from L into L’, defined
by g(a) = f(a)—f(0), is linear.

Let (L, [I]) be strictly convex and f, ¢, g. be as given in statement 1. By a known theorem,

(LC,||-||C) is strictly convex. For every a,b e L',
lgg@ g, M, =I[f@)-fb)L Il
= f(@)-fb)el
Ha-b].

If follows that g is linear.
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2. Let (L']|-]|) be strictly convex and f, ¢, g be as given in statement 2. Then g(0)=0 and for every
a, be L.
19, (@ —9() |-l f(a)-f(b)la—b,c/|
Thus, for a,b e L which satisfy a, —b., it follows that || g(a) —g(b) ||=0 and the function gc

from L. into L’, given by gc(ac)— g(a) is well-defined F or any

abeL=lg.la.)-a.lbo )l =llg@ 1 -gb)ll
=lla—b,c]|
=|| ac - bC ”C

Since gC(OC):g(O):O, it implies that g, is linear. For any a,beL and any real number

9(@)=gc|(0a)e = agc(ac) and gla+b)=g¢lag +be)=gc(ac)+gc(be) =g(a)+glb)
Therefore, g is linear.
COROLLARY:
Let (L, [I1) be a strictly convex linear 2—normed space, ¢ be a fixed non-zero element of L, and f be a
function from L into L which satisfies f(O): 0 and || f(a)—f(b),c||:|| a—b,c|| forevery a,beL Then
the function g from L into L., defined by g (a)=[f(a). } is linear.

Proof:

Since (L, [I]) is strictly convex it implies that (Lc,ll-ll) is strictly convex. For any a,b e L,
19 (@)-g (b}l =l [fa) - f(b)L: Il

= f(a)-f(o)cl
=la—b,c]|

From part 2 of the proceeding theorem, it follows the g. in linear
Definition:
If M and N are linear subspaces of L, a bilinear form F on M x N is said to be bounded if there is a
number K > 0 for which | F(a,b) I<KK]|la,b|| for every (a, b)e M x N
The norm of F, ||F|| is defined by

| Fll=inf{K:|F(a,b)|< K| a,b]|} for every (a,b)e MxN.
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Theorem:
The following are equivalent :
A. (L,I]l) is strictly convex.
B. If c#0, Fis a non-zero bounded bilinear form on LxV(c),|| x,c||y,c|| =1 and

1

F(x,c)=F(y,c)=| F||, then either x =y or || x,y|= 0 and ¢ =im
X,y

Proof:
A.  Assume (L,||,||) is strictly convex. Let c=0 and F be a non-zero bounded bilinear form on

LxV(c) If

1
F(x,c)=F(y,c)dIF|l and [Ix.cl=lly.cl=1, then 2=mF(X+y,C)SIIX+y,CII

< xcll+]ly.c|=2. Therefore ||x+y,cll=2. If x=y, then ceV(x,y) since otherwise the
strict convexity of L would yield x = y. Hence, there are real numbers aand p for which
C=oax+By.

Then, 1| xcll=llax+By [HBIlIx,yl. Similarly [a][[x,y[=1.

1
Therefore, || x,y|l=0 and |a|H B |= m Since || x +y,c|[=2, it follows that Zim

B. Assume condition 2 holds and let ||a,c ||| b,c|l=1,a = b and ceV(a,b)

Then, ||la+b, c|<|a,c||+]b,c|=2. If ||a+b, c|=2, there is a bounded bilinear form F

a+b )
—— . C|=

a+b
defined on L V(c) such that || F|=1 and F[ >

_,cuzl

2

_ a+b .
Note that F(a,c)<| F(a,c)|<|F|la,c|=1. If F(ac)=1 then since a# —— condition 2

: a+bh o :
withx =aand ¥ =—— implies that c < V(a,b) which is impossible.

Thus F(a,c)<1. A similar argument shows that F(a,c)<1 also. Therefore,
1=%F(a+b,c):%F(a+c)+%F(b,c)<1

Hence, ||a+b,c|l< 2 and (L,]||,||) is strictly convex.
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