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ABSTRACT

For a graph G (V, E), a function f is called an odd prime labeling, given that f is a bijection
fromVto {1, 3,5, ..., 2|V|-1}, satisfying gcd (f(u), f(v)) = 1, for each uveE. A graph admitting this
labeling is called an odd prime graph. Various snake graphs like n-polygonal snake, double n-
polygonal snake, alternate n-polygonal snake, double alternate triangular snake, irregular triangular
snake, irregular quadrilateral snake are proved to be odd prime graphs.
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INTRODUCTION

Finite, simple, undirected, non-trivial and connected graphs have been considered in this
paper. V or V(G) and E or E(G) of a graph G(V, E) are the vertex and edge set respectively, where
IV| and |E| are the number of elements in V and E respectively. Gross and Yellen® is referred for
graph theoretical notations and terminologies. Burton?is referred for number theoretical notations.
Assignment of integers to vertices and/or edges of a graph subject to certain conditions is known as
graph labeling.® Gallian® is referred for the latest survey of graph labeling. Different labeling has
been proved on various snake graphs including prime labeling. Odd prime labeling is a variation of
prime labeling. This paper attempts to prove various snake graphs to have odd prime labeling. We
start with few notations and definitions required in the paper.

Notation: 1 For each natural number n, [n] and O, respectively are the set of first n natural numbers

and the set of first n odd natural numbers. i.e [n]={% 2,3, ..., n} and O, ={1, 3,5, ..., 2n-1} .*°

Definition: 2 LetR, (k>2) be a path with consecutive verticesv,v,,...,v, . An n-polygonal snake
(n>3) is obtained from the path B, whose vertex set vV :V(Pk)u{uiJ |ie[k—1],je[n—2]} and the
edge set is E=E(P)U{viuig, Ui j1ij,Uin-2vie li €[k-1], je[n-2]-{1}}. We denote it ass, (C,). i.e. a

snake of path P, where each edge of B is replaced by a cycle c,.°

Definition: 3 An alternate triangular snake is obtained from the path P, by replacing each

alternate edge of the path by a triangle C;. It is denoted as A(T,) g

Similar to alternate triangular snake, we define the following:

Definition: 4 An alternate n-polygonal snake(n>3) is obtained from the path R (k>2)by

replacing each alternate edge of the path byc,. We denote it as AS, (C,,).

Definition: 5 A double triangular snake consists of two triangular snakes that have a common

path R, . It is denoted by D(T,).?

Similar to double triangular snake, we define the following:

Definition: 6 A double n-polygonal snake(n>3) consists of two n-polygonal snakes that have a

common path B, (k>2). We denote it as DS, (C,,).
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Definition: 7 A double alternate triangular snake consists of two similar alternate triangular

snakes that have a common path P, . It is denoted as DA(T,) .

Definition: 8 Let R, (n>3) be a path with consecutive verticesvy,v,,...,v, . An irregular triangular
snake(n>3) is obtained from the path R, whose vertex set v =V (R, )u{uy; |ie[n-2]} and the edge set

iSE = E(P,)u{vit, uvi.p lie[n-2]} . It is denoted as IT, .°

Definition: 9 Let P,(n>3) be a path with consecutive verticesv,v,,...,v,. An irregular
quadrilateral snake(n>3) is obtained from the path P, whose vertex set
V =V (R, )u{u,w lie[n-2]}and the edge set is E =E(R,)u{viu,uw;,wvi,, |ie[n-2]}. It is denoted as

19,.°

Prime labeling was originated by Entringer and first introduced by Tout et al'® in their paper. This
labeling is defined as follows:

Definition: 10 For a graph G(V,E) with n vertices, a bijection f:V —[n] is called prime labeling if

ged( f (u), f(v))=1, for eachuv e E. The graph admitting prime labeling is called a prime graph.’®

Carlson' proved that generalized books are prime graphs. Seoud and Youssef*? proved that C,,-
snakes are prime graphs. Ganesan et al*® proved that cycle-cactus c,(™ and triangular book By, are
prime graphs. Vaidya and Prajapati* proved that tadpole, also called kite or dragon is a prime
graph.

A variation of prime labeling, called odd prime labeling was introduced by Prajapati and Shah.’

Definition: 11 For a graph G(V,E) with n vertices, a bijective function f:v -0, is called odd
prime labeling if for each uveE, ged(f(u), f(v))=1. The graph admitting this labeling is called an

odd prime graph.®

Prajapati and Shah> proved that graphs like path, ladder graph, complete graph K, iff n<4,
complete bipartite graphs under certain conditions, wheel graph, helm graph, fan graph, friendship

graph, Petersen graph P(n,2) and many more are odd prime graphs. Graphs obtained by duplicating

each vertex by an edge and each edge by a vertex in a path, star graph, cycle and wheel graph are all
odd prime graphs is also proved by them.™

IJSRR, 8(2) April. — June., 2019 Page 2878



Prajapati U.M. et al., SRR 2019, 8(2), 2876-2885

MAIN RESULTS
Theorem: 1 S, (C,), n>3, k>2 isan odd prime graph.

Proof: Consider an n-polygonal snake S, (C,) on a path with k consecutive verticesv,,v,,...,v, . Let
the vertex set of S, (C,) bev =V (R)u{u;lie[k-1],je[n-2]f. Hence, \V|=nk-(n+k)+2 and its

edge set iISE = E(H()u{viuill,ui,j,luiyj Uin oV lie[k-1], ] e[n—z]—{l}} . Let f:v -0y be defined as

(2n-2)i-2n+3, if x =v;,i e[k];
f(X)z{(Zn—z)i—2n+2j+3, ifx=u; j,ie[k-1],je[n-2].

For eachecE, if

1 e=vviy, ie[k=1], ged(f(v), f(viy1))=ged((2n-2)i-2n+3,(2n-2)i+1)=1;

2. e=vujy, ie[k=1], ged(f (%), f(uiz))=ged((2n-2)i-2n+3,(2n-2)i-2n+5)=1;

3. e=UinpViss, i €[k=1], god(f (uin-2), f (visg)) = ged((2n-2)i~1,(2n-2)i+1) =1;

4. e=ujqu;,ie[k-1], je[n-2]-{3}, ged(f (u i), F(ui;))

=ged((2n-2)i-2n+2j+1(2n-2)i-2n+2j+3)=1.

This shows that f admits odd prime labeling on S, (C,,) and hence it is an odd prime graph.
Theorem: 2 DS, (C,), n>3, k>2 isanodd prime graph.

Proof: Consider a double n-polygonal snake on path of k consecutive verticesv,v,,...,v, . Let the

vertex set of DS (C,)beV =V (R.)u{u; jw;;lie[k-1], je[n-2]}. Hence, |V|=2nk-2n-3k+4 and its

Edge set |S E= E(H()U{Viui,l,ui,jfluiyj,Uiyn72Vi+1,ViWiY1,Wiyjilwiyj ,Wiynizvi_'_l | i e[k —1], J G[n—Z]—{l}} .
(4n—6)i—4n+7, ifx=v;,ie[k];

Let f:V >0y bedefinedas f(x)=1(4n-6)i-4(n—j)+5 ifx=u;jiclk-1], je[n-2];
(4n—6)i-4(n—j)+7, ifx=w j,ie[k-1], je[n-2].

For eachecE, if
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e=vviyg, i <[k=1], ged(F (). T (1)) = god ((4n—6)i—4n+7,(4n—6)i+1) =1;

e=vitiy, ie[k=1], ged(f (v). f (uia))=ged((4n-6)i—4n+7,(4n—6)i—4n+0) =1;

e=tin oV, i <[k=1], god(f (i), f (vig))=god((4n~6)i-3,(4n-6)i+1)=1;

e=uij i, ie[k=1], je[n-2]-{1}, god(f (uj ;). (ui;))
~ged((4n—6)i~4(n~ })+1 (4n-6)i ~4(n~ j)+5)=1;

e=viwig, Te[k=1], god(F (). f (v))=ged((4n-6)i~4n+7,(4n—6)i~4n-+11)=1;

e =W oVisy, i €[k=1], ged(f (wip o). f (V1)) =ged((4n—6)i~1,(4n—6)i+1) =1;

e=vi i, ie[k-1], je[n-2]-{), ged(f (w ;). f(w ;)

=ged((4n—-6)i—4(n—j)+3,(4n-6)i-4(n-j)+7)=1.

This shows that f admits odd prime labeling on DS, (C,) and hence it is an odd prime graph.

Theorem: 3 AS,,(C,), m n>3 is an odd prime graph.

Proof: Consider an alternate n-polygonal snake AS,(C,)on a path with m consecutive vertices

1. Let m be odd. In this case, AS,,(C,) is obtained from a path of m=2k-1,(k>2) consecutive

verticesvy,vy,...,vo,_; . Consider the vertex set vV :V(PZk,l)u{uiyj |ie[k—1],je[n—2]}. Hence

IV| = n(k—l)+land the edge set E= E(szfl)U{Vzifluiyl,uiyn72V2i,Uiyjiluiyj || e[k —1], J G[n—Z]—{l}} .

2n(i-1)+1, if X =Vvyi_g,i [k];
Let f:V >0y be defined as f(x)=1{2ni-1, if X =vy,ie[k-1];
2n(i-1)+2j-1, ifx=uiyj,ie[k—l],je[n—z].

Let m be even. In this case, AS;(C,) is obtained from a path of m=2k,(k>2) consecutive

verticesvy,v,,...,v,, . Here two non-isomorphic graphs are obtained:

(a) When the polygon starts with the first edge,
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the vertex set V =V (Py)u{u; j lie[k],je[n-2]} with v|=nk and
the edge set E= E(PZk)U{VZi—lui,lan,n—ZVZiaui,j—lui,j || E[k —1], J G[n—Z]—{l}}

2n(i-1)+1, if X =vyi_g,i [k];
Let f:V >0y be defined as f(x)={2ni-1, if X =vy,i e[K];
2n(i-1)+2j-1, ifx=uiyj,ie[k—l],je[n—z].

(b) When the polygon starts with the second edge,

the vertex set V =V (Py ) u{u; jlie[k-1], je[n-2]} with |v|=n(k-1)+2 and
the edge set E= E(sz )U{VZiUi,LUi,n—2V2i+1an,j—1Ui,j || € [k —1], J € [n —2]—{1}}

2n(i-1)+1, if X =Vyi_q,i e[k];
Let f:V >0y bedefinedas f(x)=12n(i-1)+3,  ifx=vy,ic[k-1];
2n(i-1)+2j+3, ifx=uiyj,ie[k—l],je[n—Z].

In each of the cases, it is easy to check that if n-1=2", then the functions defined in the respective

cases will admit odd prime labeling on AS,(C,,).

If n-1+2', assume that d is an odd divisor of n — 1.

For eachv; eV (Py ), whenever f(v;)=qd for some qe0, ged(f(v), f(v.1))=1. In this case, either

AR

ged(f(vig), f(via1)) =1 orgccl[f[uH 1},1‘(\/'“)}1. Interchange f(v;) by f(v_) or f[um 1}

1 !
accordingly and the function thus obtained will admit odd prime labeling on AS,(C,) and it is an
odd prime graph.

Theorem: 4 DA(T,), n>3 is an odd prime graph.

Proof: Consider a double alternate triangular snake graph DA(T,)on a path with m consecutive

verticesvy,vs,,...,Vp, .
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1. Letn be odd. In this case, DA(T,) is obtained from the path of n=2k-1,(k>2) consecutive
verticesv;,v,,..., v 5 . Consider the vertex set V =V (Py 4 )ufu;,w ie[k-1]}. Hence V|=4k-1

and the edge SetE = E (Pyy_1 ) U {VaiU;, UiVois1, Vo Wi WiV | T € [k —1]}.

24i-23, ifx=vgj_g,i e

24i-19, ifx=vgi_4,i€

24|—17, ifX=V6i_3,i€ —J i
1

Let f:v -0y be defined as f (x)=124i-13, ifx=vgi_p,i¢c 2k+ H

24i -7, ifx=vgj_y,i e{ KH

24i-5, ifx=vg,ie H—Z";H;

f(V2|+1)—4, |fX=u|7| E[k—l],
fvpi)+4, ifx=w,ie[k-1].

2. Let n be even. In this case, DA(T,) is obtained from a path of n=2k,(k>2) consecutive

verticesvy,v,,...,v,, . Here two non-isomorphic graphs are obtained:

(@) When the triangle starts from the first edge, the vertex set vV =V (Py )u{uj,w; [i e[k]}

Wlth IV| =4k and the edge set E=E (sz )U {VZi_lui yUiVoi, Vi1 Wi, WiVoi | ie [k]}

16i -13, ifx=vy_3.i€ L H

161 11, ifX=Vy_y,i e Lk +1H;

Let f:V -0y be defined as f(x)=116i-3 ifx=v4i_1,ie{ 2k+1J .

8i—7, ifx=u,ie[k];
8i-1 ifx=w,ielk].

=~

(b) When the triangle starts from the second edge, the wvertex set

V =V (Py )i, w; i e[k—1]} with V|=4k-2 and  the  edge  set

E = E(Poy ) U{Vaili UjVai 1, VaiWi , WiVai g | T € [k —1]} .
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24|—23, ifX=V6i_5,i (S

24i —19, if x =V6i_4,i (S

24|—17, ifX=V6i_3,i S —J
1

24i-13, ifx=Vg_p.ic|| 2 6+ H
Let f:vV >0y be defined as f(x)= N
24i -7, ifx=vgj_y,i e{ EH

24i -5, ifx=v6i,ieu%ﬂ;

8k -5, if x=vy;
f(V2i+1)—4, ifX=Ui,i€[k—1];
f(vpi)+4, ifx=w,ie[k-1].

In each of the cases, it is easy to check that the function defined in the respective cases admit odd

prime labeling and so DA(T,) is an odd prime graph.
Theorem: 5 IT,, n>3 is an odd prime graph.

Proof: Consider an irregular triangular snake graph 1T, on a path with n consecutive vertices
V1, V2.....Vy . Let the vertex set of 1T, bev =V (R,)u{u; lie[n-2]} . Hence |V|=2n-2and the edge set is

E=E(R,)u{viti,Uvis2 li e[n-2]}.

]
3
0 o]

Let f:vV >0y be defined as f(x)=14n-3, ifx=v,;
E
3

Tlﬂ
]

It is easy to check that the function defined here admits odd prime labeling and hence 1T, is an odd

12i —7, if x= V3i_1,i S

|

12i -9, ifx=ug_,,i€

1
,—l—|

12i —3, if x= U3i_1,i <

3

prime graph.
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Theorem: 6 1Q,, n>3 isan odd prime graph.

Proof: Consider an irregular quadrilateral snake graph 1Q, on a path with n consecutive vertices
V1,V2.....Vy . Let the vertex set of 1Q, be v =V (R,)u{u;,w; |ie[n-2]}. Hence \V|=3n-4and the edge
set |S E= E(Pn)U{ViUi,UiWi,WiVi+2 | i E[n—Z]} .

6i-5, ifx=v,ie[n-1];

6n-9, ifx=vg;

6i—3, ifx=uj,ie[n-2];
6i—1, ifx=w;,ie[n-2]

Let f:V —>OM be defined as f(x)=

It is easy to check that the function defined here admits odd prime labeling and hence 1Q, is an odd
prime graph.
CONCLUSION

Various snake graphs like n-polygonal snake, double n-polygonal snake, alternate n-
polygonal snake, double alternate triangular snake, irregular triangular snake and irregular
quadrilateral snake have been shown to be odd prime graph in this paper.

OPEN PROBLEMS

Investigating double alternate n-polygonal snake and irregular n-polygonal snakes for odd
prime labeling can be considered as open problems for research work in future.
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