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ABSTRACT 
 Let ܩ =  be a connected graph of order ݊. The total edge dominating set ܵ in a (ܧ,ܸ)

connected graph ܩ is called a minimal total edge dominating set if no proper subset of ܵ is a total 

edge dominating set of ܩ. The upper total edge domination numberߛ௧௘	ା(ܩ) of ܩ is the maximum 

cardinality of a minimal total edge dominating sets of ܩ. Some of its general properties satisfied by 

this concepts are studied. It is shown that for any integer ܽ ≥ 1, there exists a connected graph ܩ such 

thatߛ௧௘(ܩ) = ܽ + 1 andߛ௧௘	ା(ܩ) = 2ܽ. 
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1.  INTRODUCTION  
 By a graph ܩ	 = 	  we mean a finite, undirected connected graph without loops or ,(ܧ,ܸ)

multiple edges. The order and size of ܩ are denoted by ݊ and ݉ respectively. For basic graph 

theoretic terminology, we refer to Chartrand [1].	ܰ	(ݒ) 	= 	 	ݑ} ∈ (ܩ)	ܸ	 ∶ 	ݒݑ	 ∈  is called the{(ܩ)ܧ	

neighborhood of the vertex ݒ	in ܩ. A vertex ݒis an extreme vertex of a graph ܩ if <ܰ	(ݒ)> is 

complete. If ݁	 = 	 ,ݑ} (ݑ)݀ with ܩ is an edge of a graph {ݒ 	= 	1and ݀(ݒ) 	> 	1, then we call ݁ a 

pendent edge, ݑ a leaf and ݒ a support vertex. Let (ܩ)ܮ be the set of all leaves of a graph ܩ.For any 

connected graph ܩ, a vertex ݒ	 ∈ 	ܸ ifܩ is called a cut vertex of (ܩ)	ܸ	 −  is no longer connected.A ݒ	

set of vertices ܦ	in a graph ܩ	is a dominating set if each vertex of ܩ is dominated by some vertex of 

 ଵ.A totalܩ is the minimum cardinality of a dominating set of ܩ of (ܩ)ߛ The domination number .ܦ

dominating set of a connected graphܩis a setܵ of vertices ofܩ such that every vertex is adjacent to a 

vertex inܵ. Every graph without isolated vertices has a total dominating set, since ܵ =  is such a (ܩ)ܸ

set. The total domination numberߛ௧(ܩ)ofܩ is the minimum cardinality of total dominating sets ܵ in 

ܧ is called an edgedominating set if every edge ofܩ ofܯ ଶ,ଷ,ସ. A set of edgesܩ  is adjacent to an ܯ−

element of ܯ. An edge domination number, ߛ௘(ܩ)ofܩ is the minimum cardinality of an edge 

dominating sets of ܩହ,଺,଻,଼,ଽ,ଵ଴. An edge dominating set ܵ of ܩis called a total edge dominating set of 

 is the minimum	ܩ of(ܩ)௧௘ߛif 〈ܵ〉has no isolated edges. The total edge domination number ܩ

cardinality taken over all total edge dominating sets of ܩ଺,ଵଵ. 

2. THE UPPER TOTAL EDGE DOMINATION NUMBER OF A GRAPH 

Definition 2. 1.  
 The total edge dominating set ܵ in a connected graph ܩ is called a minimal total edge 

dominating set if no proper subset of ܵ is a total edge dominating set of ܩ. The upper total edge 

domination number ߛ௧௘	ା(ܩ) of ܩ is the maximum cardinality of a minimal total edge dominating sets 

of ܩ. 

Example 2.2 
 For the graph ܩ given in Figure 1, ܵଵ = and ܵଶ {଺ݒହݒ,ହݒଶݒ,ଶݒଵݒ} =  are {ହݒଶݒ,ଶݒଵݒ,଻ݒଵݒ}

the minimum total edge dominating sets of ܩ so that ߛ௧௘(ܩ) = 3. The 

set	ܵ = ,଻ݒଵݒ} ,଻ݒ଺ݒ  and it is clear that no proper ܩ ହ} is a total edge dominating set ofݒଶݒ,ଷݒଶݒ

subset of ܵ is the total edge dominating set of ܩ and so ܵ is the minimal total edge dominating set of 

 Also it is easily verified that no five element or six element subset is a minimal total edge .ܩ

dominating set of ܩ, it follows that ߛ௧௘	ା(ܩ) = 4. 
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Remark 2.4 
 Every minimum total edge dominating set ofܩ is a minimal total edge dominating set ofܩ and 

the converse is not true. For the graphܩ given in Figure 2.1,ܵ = ,ଷݒଶݒ,଻ݒ଺ݒ,଻ݒଵݒ}  ହ}is a minimalݒଶݒ

total edge dominating set but not a minimum total edge dominating set of ܩ. 

Theorem 2.5 
 For a connected graph 2 ,ܩ ≤ (ܩ)௧௘ߛ ≤ (ܩ)ା	௧௘ߛ ≤ ݉. 

Proof. 

 We know that any total edge dominating set needs at least two edges and soߛ௧௘(ܩ) ≥ 2. 

Since every minimal total edge dominating set is also the total edge dominating set,ߛ௧௘(ܩ) ≤  .(ܩ)ା	௧௘ߛ

Also, since (ܩ)ܧ is the total dominating set of ܩ, it is clear thatߛ௧௘	ା(ܩ) ≤ ݉. Thus 

2 ≤ (ܩ)௧௘ߛ ≤ (ܩ)ା	௧௘ߛ ≤ ݉.  ∎ 

Remark 2.6. 

 The bounds in Theorem 2.5 are sharp. For any graphܩ = ଶܲ, ݉ = (ܩ)௧௘ߛ ,2 = 2and 

(ܩ)ା	௧௘ߛ = 2. Therefore 2 = (ܩ)௧௘ߛ = (ܩ)ା	௧௘ߛ = ݉. Also, all the inequalities in Theorem 2.5 are 

strict. For the graph ܩ given in Figure 1,ߛ௧௘(ܩ) = ௧௘ାߛ ,3 (ܩ) = 4 and݉ = 7so that 

2 < (ܩ)௧௘ߛ < (ܩ)ା	௧௘ߛ < ݉.  

Theorem 2.7. 

 For a connected graph ߛ ,ܩ௧௘(ܩ) = ݉ if and only if  ߛ௧௘	ା(ܩ) = ݉. 

Proof. 

 Letߛ௧௘	ା(ܩ) = ݉. Thenܵ =  Since .ܩ is the unique minimal total edge dominating set of (ܩ)ܧ

no proper subset of ܵ is the total edge dominating set, it is clear that ܵ is the unique minimum total 

edge dominating set of ܩ and soߛ௧௘(ܩ) = ݉. The converse follows from Theorem 2.3.  ∎ 
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A graph with ߛ௧௘	ା(ܩ) = 4 
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Theorem 2.8 
 For complete graph ܩ = ݊)	௡ܭ ≥ (ܩ)ା	௧௘ߛ ,(3 = 2. 

Proof. 

 Let ܵ be any set of two adjacent edges of ܭ௡. Since each edge of ܭ௡ is incident with an edge 

of ܵ, it follows that ܵ is a total edge dominating set of ܩ so that ߛ௧௘(ܩ) = 2. We show that ߛ௧௘	ା(ܩ) =

2. Suppose that ߛ௧௘	ା(ܩ) ≥ 3. Then there exists a total edge dominating set ܵଵ such that |ܵଵ| ≥ 3. It is 

clear that ܵଵ contains two adjacent edges say ݁ଵ, ݁ଶ. Then ܵଵ′ = {݁ଵ , ݁ଶ} is a total edge dominating set 

of ܩ, which is a contradiction. Thus ߛ௧௘	ା(ܩ) = 2.      ∎ 

Theorem 2. 9 

 For complete bipartite graph ܩ = ௠,௡ܭ 	(݉, ݊ ≥ (ܩ)ା	௧௘ߛ ,(2 = 2. 

Proof. 

 Let ܵ be any set of two adjacent edges of ܭ௠,௡ . Since each edge of ܭ௠,௡ is incident with an 

edge of ܵ, it follows that ܵ is a total edge dominating set of ܩ so that ߛ௧௘(ܩ) = 2. We show that 

(ܩ)ା	௧௘ߛ = 2. Suppose ߛ௧௘	ା(ܩ) ≥ 3. Then there exists a total edge dominating set ܵଵ such that |ܵଵ| ≥

3. It is clear that ܵଵ contains two adjacent edges say ݁ଵ, ݁ଶ. Then ܵଵ′ = {݁ଵ, ݁ଶ} is a total edge 

dominating set of ܩ, which is a contradiction. Thus ߛ௧௘	ା(ܩ) = 2.  ∎ 

Theorem 2.10 
 For any graph ܩ = ݊)	ଵ,௡ܭ ≥ (ܩ)ା	௧௘ߛ ,(2 = 2. 

Proof. 

The proof is similar to Theorem 2.9.   ∎ 

Theorem 2.11 

 For any integer ܽ ≥ 1, there exists a connected graph ܩ such thatߛ௧௘(ܩ) = ܽ + 1 and 

(ܩ)ା	௧௘ߛ = 2ܽ. 

Proof. 

Let ௜ܲ:ݑ௜ ௜ݒ, ௜ݓ, 	(1 ≤ ݅ ≤ ܽ) be a path of order 3 and ܲ: ,ݔ  be a graph ܩ be a path of order 2. Let ݕ

obtained from ௜ܲ 	(1 ≤ ݅ ≤ ܽ) and ܲ by joining ݕ with eachݑ௜ 	(2 ≤ ݅ ≤ ܽ),  

௜(2ݒ ≤ ݅ ≤ ܽ) and ݓ௜ 	(2 ≤ ݅ ≤ ܽ) and also join ݔ with ݑଵ  is shown in ܩ ଵ. The graphݓ ଵ andݒ,

Figure 2. 
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              First we claim thatߛ௧௘(ܩ) = ܽ + 1. It is easily observed that an edge ݕݔ belongs to every 

minimum total edge dominating set of ܩ and so ߛ௧௘(ܩ) ≥ 1. Also it is easily seen that every 

minimum total edge dominating set of ܩ contains at least one edge of each block of ܩ −  and {ݔ}

each block of ܩ − (ܩ)௧௘ߛ and so {ݕ} ≥ ܽ + 1. Now  ܺ = ,ଶݒݕ,ଵݒݔ,ݕݔ} ,ଷݒݕ . . .  ௔} is a total edgeݒݕ,

dominating set of ܩ so thatߛ௧௘(ܩ) = ܽ + 1. 

 Next we show thatߛ௧௘	ା(ܩ) = 2ܽ. Nowܦ = ଵݑݔ} ,ଶݑݕ, ,ଷݑݕ . . . ௔ݑݔ, ,ଵݓݔ, ଶݓݕ , ଷݓݕ , . . .  {௔ݓݕ,

is a total edge dominating set of ܩ. We show that ܦ is a minimal total edge dominating set of ܩ. Let 

Then there exists at least one edge say݁ .ܦ be any proper subset of ′ܦ ∈ such that݁ ܦ ∉  Suppose .′ܦ

that݁ = (1	௜ for some݅ݑݔ ≤ ݅ ≤ ܽ), then the edge ݓݔ௜ 	(1 ≤ ݅ ≤ ܽ) will be isolated in〈ܦ′〉. Therefore 

Now, assume that݁ .ܩ is not a total edge dominating set of ′ܦ = (1	௜ for some݅ݓݔ ≤ ݅ ≤ ܽ), then the 

edge ݑݔ௜ 	(1 ≤ ݅ ≤ ܽ) will be isolated in 〈ܦ′〉 and so ܦ′ is not a total edge dominating set of ܩ. 

Therefore any proper subset of ܦ is not a total edge dominating set of ܩ. Hence ܦ is a minimal total 

edge dominating set of ܩ and soߛ௧௘	ା(ܩ) ≥ 2ܽ. We show thatߛ௧௘	ା(ܩ) = 2ܽ. Suppose that there exists a 

minimal total edge dominating set ܶ of ܩsuch that|ܶ| ≥ 2ܽ + 1. Then ܶ contains at least three edges 

of block of ܩ − ܩ or at least three edges of block of {ݔ} −  If ܶ contains at least three edges of .{ݕ}

ܩ − ܩ then deleting one edge of ,{ݔ} −  ,ܩ in ܶ, results in ܶ is a total edge dominating set of {ݔ}

which is a contradiction. If ܶ contains at least three edges ܩ − ܩ then deleting one edge of ,{ݕ} −  {ݕ}

in ܶ, results in ܶ is a total edge dominating set of ܩ, which is a contradiction. Hence ߛ௧௘	ା(ܩ) = 2ܽ.

  ∎ 
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Open Problem  

For every pair ܽ,ܾof integers with2 ≤ ܽ < ܾ, does there exists a connected graph ܩ such 

thatߛ௧௘(ܩ) = ܽandߛ௧௘	ା(ܩ) = ܾ? 
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