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ABSTRACT:   
In this paper, we have established a common fixed point theorem for quadruple self mappings 

satisfying the continuous function in digital metric space. Our result is the extension of the results 

obtained by Jain for complete digital metric spaces. We have concluded an example to support our 

main result.  
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INTRODUCTION: 
It was the dawn of the fixed point theory when in 1912 Brouwer proved a fixed point result 

for continuous self maps on a closed ball then later in 1922, Banach1 gave a very useful result in 

form of Banach Contraction Principle.  At first it was Rosenfeld2 who considered digital topology as 

a tool to study digital images. The digital version of the topological concepts was produced by 

Boxer3 and later he studied digital continuous functions4. Ege and Karaca5 established relative and 

reduced Lefschetz fixed point theorem for digital images, the notion of a digital metric space was 

also proposed by them. Further, the famous Banach Contraction Principle for digital images was 

proved by Ege6. In digital topology the notion of digital continuity was developed by Rosenfeld7 to 

study 2D and 3D digital images. Further in 2013, Ege and Karaca5 described the digital continuous 

functions.  

Fixed point theory has applications in field of mathematics, computer science, engineering, 

game theory, fuzzy theory, image processing and so forth. In metric space it begins with the Banach 

fixed-point theorem providing a constructive method to find fixed points and is an essential tool to 

find solution of some problems in mathematics and engineering and consequently has been 

generalized in many ways. Till now, several developments have occurred in this area. In 1976 a 

major shift in the arena of fixed point theory came when Jungck8,9,10, defined the concept of 

commutative and compatible maps and proved the common fixed point results for such maps. Later 

on, Sumitra et.al11 proved common fixed point theorems for compatible map in digital metric space 

with its applications. Certain alterations of commutativity and compatibility can also be found in 

refrences9,10,12. The notion of compatible mappings of type(R) in digital metric space was introduced 

by Jain13. In this paper we have generalized and extended the results obtained by Jain13 for quadruple 

mappings in complete digital metric space. 

2. DEFINITIONS: 

Definition 2.1.4 Let  (ܺ, (଴ߩ ⊂ ℤ௡బ , (ଵߩ,ܻ) ⊂ ℤ௡భ  be digital images and ݂:ܺ → ܻ be a function.  

(i) If for every ߩ଴ −connected subset ܷ of ܺ, ݂(ܷ)	݅ݏ	ܽ	ߩଵ −connected subset of 

ܻ, (ଵߩ,଴ߩ) is said to be	݂	ℎ݁݊ݐ −continuous.  

(ii) ݂	݅ݏ	(ߩ଴,ߩଵ)−continuous for every ߩ଴ −adjacent points {ݔ଴,ݔଵ} of ܺ, either ݂(ݔ଴) =

ଵߩ	݁ݎܽ(ଵݔ)݂	݀݊ܽ	(଴ݔ)݂	ݎ݋	(ଵݔ)݂ − adjacent	in	Y.	  

(iii) If ݂	݅ݏ	(ߩ଴,ߩଵ) −continuous, bijective and ݂ିଵ is (ߩ଴,ߩଵ) −continuous, then f is 

called (ߩ଴,ߩଵ) −isomorphism and denoted by ≅   .ܻ	(ଵߩ,଴ߩ)

Proposition 2.2.6 Every digital contraction map ܶ:	(ܺ, (ߩ,݀ →   .is digitally continuous (ߩ,݀,ܺ)



Verma Rupali et al., IJSRR 2019, 8(1), 2533-2540 

IJSRR, 8(1) Jan. – March., 2019                                                                                                         Page 2535 
 

Definition 2.3.5  Let ܺ ⊆ ܼ௡ and (ܺ,݀,ߩ) be a digital metric space. Then there does not exist a 

sequence {ݔ௡} of distinct elements in ܺ, such that  

(௠ݔ,௠ାଵݔ)݀ < ݉	ݎ݋݂						(௠ିଵݔ,௠ݔ)݀ = 1,2,3, … 

Definition 2.4. 4 Suppose that (ܺ,݀,ߩ) is a digital metric space and ܲ,ܳ:ܺ → ܺ, and be two self-

maps defined on ܺ. then ܲ	ܽ݊݀	ܳ are compatible if  

(ݔ݌ܳ,ݔܳܲ)݀ ≤ ݔ		݈݈ܽ	ݎ݋݂	(ݔܳ,ݔܲ)݀ ∈ ܺ. 

Definition 2.5. 14 Let (ܲ,ܳ) be a pair of self-mappings on a metric space (ܺ,݀) and ݔ ∈ ܺ. then P 

is called (ܩ,ܱ)- continuous at X if ܲܺ௡ → ܲܺ, for every sequence {ݔ௡} ⊂ ܺ with ܳݔ௡ ↑

௡ݔܳ		.݌ݏ݁ݎ)	ݔܳ ↓ ,ݔܳ ௡ݔܳ ↑↓ ,ܩ)).continuous (resp -(ܱ,ܩ) Moreover, P is called .(ݔܳ തܱ) −

,ݏݑ݋ݑ݊݅ݐ݊݋ܿ ݔ continuous) at every point of -(ܱ,ܩ) ∈ ܺ. 

Remark 2.6.14 In digital metric space, G-continuity⇒ (ܱ,ܩ) − ݕݐ݅ݑ݊݅ݐ݊݋ܿ ⇒ ,ܩ) തܱ) −

൯ܱ,ܩas well as ൫) ݕݐ݅ݑ݊݅ݐ݊݋ܿ −  .(ݕݐ݅ݑ݊݅ݐ݊݋ܥ

Proposition 2.7. 6 Let (ܺ,݀,  of points of a digital {଴ݔ} is a digital metric space. A sequence (ߩ

metric space (ܺ,   is (ߩ,݀

(i) A Cauchy sequence if and only if there is ߙ ∈ ℕ such that for all, ݊,݉ ≧   then ,ߙ

(௠ݔ,௡ݔ)݀ ≦ 1 

i.e., ݔ௡ = ௠ݔ . 

(ii)       Convergent to a point ݈ ∈ ܺ if for all ߳ ≧ 0, there is ߙ ∈ ℕ such that for all ݊ ≧     then           ߙ

,௡ݔ)݀ ݈) ≦ ߳, ݅. ݁, ௡ݔ = ݈. 

Lemma 2.8. 6 Let {ݔ௡} be a sequence of complete digital metric space (ܺ,݀,ߩ). If there exists 

ߙ ∈ (0,1) such that ݀(ݔ௡ାଵ, (௡ݔ ≤ ,௡ݕ)݀ߙ ,݊	∀	(௡ିଵݕ   .ܺ	݊݅	ݐ݊݅݋݌	ܽ	݋ݐ	ݏ݁݃ݎ݁ݒ݊݋ܿ	{௡ݔ}	ℎ݁݊ݐ

Proposition 2.9. 6 A sequence  {ݔ௡} of points of a digital metric space (ܺ, ݀,  converges to a (ߩ

limit ݈ ∈ ܺ if there is ߙ ∈ ℕ such that for all ݊ ≧ ,ߙ ௡ݔ	ℎ݁݊ݐ = ݈. 

Proposition 2.10. 13 Let ݂ and ݃ be digitally compatible mappings of type (R) of a digital metric 

space  (ܺ, ݀, into itself. Suppose that lim௡ (ߩ ݂ ௡ݔ = 	 lim௡ ݃ ௡ݔ = ݐ	݁݉݋ݏ	ݎ݋݂	ݐ ∈ ܺ.  	ℎ݁݊ݐ

(a) lim௡ ݂݃ ௡ݔ =  .is digitally continuous at t	݂	݂݅	ݐ݂

(b) lim௡ ௡ݔ݂݃ =  .is digitally continuous at t ݃	݂݅	ݐ݃

(c) ݂݃ݐ = ݐ݂	݀݊ܽ		ݐ݂݃ =  .ݐ	ݐܽ	ݏݑ݋ݑ݊݅ݐ݊݋ܿ	ݕ݈݈ܽݐ݅݃݅݀	݁ݎܽ	ℎݐ݋ܾ	݃	݀݊ܽ	݂	݂݅	ݐ݃

3. MAIN RESULTS. 

Theorem 3.1: Let ܲ,ܳ, ܩ and ܪ be quadruple mappings of a complete digital metric space 

(ܺ, ݀,  .satisfying the conditions (ߩ

(ܺ)ܩ (1 ⊂ (ܺ)ܪ ,(ܺ)ܳ ⊂ ܲ(ܺ), 
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,ݔ)݀ (2 (ݕ = 		 α	max ቄ݀(ݕܪ,ݔܩ),݀(ݔܲ,ݔܩ),݀(ݕܳ,ݕܪ),݀(ݕܩ,ݔܪ),݀(ݔܳ,ݔܪ), ଵ
ଶ
൫݀(ݕܳ,ݔܩ) +

ݕ,ݔ ൯ቅ  for all(ݔܲ,ݕܪ)݀ ∈ ܺ,	where ߙ ∈ (0,1). 

3) In mappings ܲ,ܳ,ܩ and ܪ one of the mappings is continuous. 

Assume the pairs (ܲ,ܩ) and (ܳ,ܪ) are compatible, then ܲ,ܳ, ܩ and ܪ have a unique common fixed 

point in ܺ. 

Proof: Let  ݔ଴ be an arbitrary point in ܺ. Since ܳ(ܺ) ⊂ (ܺ)ܲ	and (ܺ)ܩ ⊂  we can construct ,(ܺ)ܪ

the sequence {ݕ௡} in ܺ such that, 

ଶ௡ݕ  = (ଶ௡ݔ)ܩ = ଶ௡ାଵݕ	 and (ଶ௡ାଵݔ)ܳ = (ଶ௡ାଵݔ)ܪ = ݊ for each (ଶ௡ାଶݔ)ܲ ≥ 0. 

,ଶ௡ݕ)݀ (ଶ௡ାଵݕ = ݀൫ܩ(ݔଶ௡),ܪ(ݔଶ௡ାଵ)൯ 	

≤ α	max ቐ
݀൫ܲ(ݔଶ௡),ܳ(ݔଶ௡ାଵ)൯,݀൫ܲ(ݔଶ௡),ܩ(ݔଶ௡)൯, ݀൫ܳ(ݔଶ௡ାଵ),ܪ(ݔଶ௡ାଵ)൯,݀൫ܩ(ݔଶ௡),ܪ(ݔଶ௡ାଵ)൯,

		
1
2 ቀ݀൫ܩ

൯(ଶ௡ାଵݔ)ܳ,(ଶ௡ݔ) + ݀൫ܲ(ݔଶ௡),ܪ(ݔଶ௡ାଵ)൯ቁ
ቑ 

≤ α	max ቄ݀(ݕଶ௡ିଵ, ,(ଶ௡ݕ ଶ௡ିଵݕ)݀ ,ଶ௡ݕ)݀,(ଶ௡ݕ, (ଶ௡ାଵݕ,ଶ௡ିଵݕ)݀,(ଶ௡ାଵݕ ଵ
ଶ
൫݀(ݕଶ௡, (ଶ௡ݕ +

,ଶ௡ିଵݕ)݀  . ଶ௡ାଵ)൯ቅݕ

≤ α	max ൜݀(ݕଶ௡ିଵ, ,(ଶ௡ݕ ଶ௡ݕ)݀ ,(ଶ௡ାଵݕ, ,ଶ௡ݕ)݀ ,ଶ௡ିଵݕ)݀,(ଶ௡ିଵݕ ଶ௡ାଵݕ)݀,(ଶ௡ାଵݕ ,(ଶ௡ݕ,
1
2

,ଶ௡ିଵݕ)݀) (ଶ௡ݕ

+ ,ଶ௡ݕ)݀  ଶ௡ାଵ))ൠݕ

Putting ݀௡ = ,௡ݕ)݀  ௡ାଵ), we haveݕ

݀ଶ௡ ≤ α	max ൜݀ଶ௡ିଵ ,݀ଶ௡,
1
2

(݀ଶ௡ିଵ + ݀ଶ௡)ൠ	. 

 Now let ݀ଶ௡ > ݀ଶ௡ିଵ. 

Therefore, 	݀ଶ௡ ≤ ߙ ଶ௡, for all݀	ߙ2 ∈ (0,1), which is a contradiction. 

Hence, ݀ଶ௡ ≤ ݀ଶ௡ିଵ. 

Let ݉,݊ ∈ ܰ such that ݉ > ݊, we have 

௠ݕ)݀ (௡ݕ, 	≤ ௠ݕ)݀ߙ	 (௠ିଵݕ, + ⋯+ ,௡ାଵݕ)݀ߙ  (௡ݕ

≤ ,ଵݕ)௡൫݀ߙ ଴)൯ݕ → 0	as ݉, ݊ → ∞. 

It implies {ݕ௡} is digitally Cauchy sequence in digital metric space (ܺ,݀,  ݖ and converges to point (ߩ

as ݊ → ∞.  Similarily sub sequences {ݔܩଶ௡}, ,{ଶ௡ݔܲ}  also converges to the {ଶ௡ାଵݔܳ} and {ଶ௡ାଵݔܪ}

point ݖ.  

Now suppose ܲ is continuous. Since ܲ and ܩ are digitally compatible mapping then from 

Proposition 2.10  the sequence {ܲܲݔ௡} and {ݔܲܩଶ௡} converges to ܲݖ as ݊ → ∞. 

Now we claim that  ݖ = ݔ for this on putting , ݖܲ = ݕ ଶ௡ andݔܲ =   ଶ௡ାଵ in condition 2 we haveݔ
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(ଶ௡ାଵݔܪ,ଶ௡ݔܲܩ)݀

≤ α	max ൝
,(ଶ௡ାଵݔܳ,ଶ௡ݔܲܲ)݀ ଶ௡ݔܲܲ)݀ ,(ଶ௡ݔܲܩ, ଶ௡ାଵݔܳ)݀ ,(ଶ௡ାଵݔܩ,ଶ௡ݔܲܲ)݀,(ଶ௡ାଵݔܪ,

1
2 ൫݀

(ଶ௡ାଵݔܳ,ଶ௡ݔܲܩ) + ൯(ଶ௡ାଵݔܪ,ଶ௡ݔܲܲ)݀
ൡ. 

Letting ݊ → ∞, we have 

,ݖܲ)݀ (ݖ ≤ α	max ቄ݀(ܲݖ, ,(ݖ ,(ݖܲ,ݖܲ)݀,(ݖܲ,ݖ)݀,(ݖܲ,ݖܲ)݀ ,ݖ)݀ ,(ݖ ଵ
ଶ
൫݀(ܲݖ, (ݖ + ,ݖܲ)݀   ൯ቅ(ݖ

≤  (ݖ,ݖܲ)݀ߙ	

It implies that ܲݖ =    .ݖ

Now we claim that ݖܩ = ݔ Putting .ݖ = ݕ ,ݖ =   ଶ௡ାଵ in condition2 we haveݔ

(ଶ௡ାଵݔܪ,ݖܩ)݀

≤ α	max ቐ
,(ଶ௡ାଵݔܪ,ଶ௡ାଵݔܳ)݀,(ଶ௡ାଵݔܩ,ݔܲ)݀,(ଶ௡ାଵݔܳ,ݖܲ)݀ (ଶ௡ାଵݔܳ,ଶ௡ାଵݔܩ)݀,(ଶ௡ାଵݔܪ,ݔܲ)݀

1
2 ൫݀

(ଶ௡ାଵݔܳ,ݖܩ) + ൯(ଶ௡ାଵݔܪ,ݖܲ)݀
ቑ. 

Letting ݊ → ∞, we have  

,ݖܳ)݀ (ݖ ≤ α	max ቄ݀(ݖ, ,(ݖܪ,ݖ)݀,(ݖܩ,ݖ)݀,(ݖ ,ݖ)݀,(ݖܳ,ݖ)݀ (ݖ ଵ
ଶ
൫݀(ݖܩ, (ݖ + ,ݖܩ)݀ ≥  ൯ቅ(ݖ

,ݖܩ)݀ߙ	  (ݖ

It implies that ܲݖ =  .ݖ

Since ܩ(ܺ) ⊂ ܳ(ܺ) and hence there exists a point ݑ in ܺ such that ݖ = ݖܩ =  .ݑܳ

Now we claim that ݖ =   .ݑܪ

(ݑܪ,ݖ)݀ = (ݑܪ,ݖܩ)݀

≤ α	max ൜݀(ܲݑܳ,ݖ),݀(ܲݖܩ,ݖ),݀(ܳݑܪ,ݑ),݀(ܲݑܪ,ݖ),݀(ܲݑܳ,ݑ)
1
2 ൫݀

(ݑܳ,ݖܩ)

+  ൯ൠ(ݑܪ,ݖܲ)݀

≤ α	max ൜݀(ݖ, ,ݖ)݀,(ݖ ,(ݖ (ݑܩ,ݖ)݀,(ݑܳ,ݖ)݀,(ݑܪ,ݖ)݀
1
2 ൫݀

,ݖ) (ݖ +  .൯ൠ(ݑܪ,ݖ)݀

It implies that ݖ =  .ݑܪ

Since (ܳ,ܪ) is compatible and ܳݑ = ݑܪ = (ݑܳܪ,ݑܪܳ)݀ by proposition 2.7 we have ,ݖ = 0 and 

hence ܳݖ = ݑܪܳ = ݑܳܪ =  Also from condition 2, we have .ݖܪ

(ݖܳ,ݖ)݀ = (ݖܪ,ݖܩ)݀

≤ α	max ൜݀(ܲݖܳ,ݖ),݀(ܲݖܩ,ݖ),݀(ܲݖܪ,ݖ), ,(ݖܪ,ݖܳ)݀(ݖܪ,ݖܩ)݀
1
2 ൫݀

(ݖܳ,ݖܩ)

+  ൯ൠ(ݖܪ,ݖܲ)݀

≤ α	max ൜݀(ݖܳ,ݖ),݀(ݖ, ,(ݖ ,(ݖܳ,ݖܳ)݀,(ݖܩ,ݖ)݀,(ݖܪ,ݖ)݀
1
2 ൫݀

(ݖܳ,ݖ) + ൯ൠ(ݖܳ,ݖ)݀ . 
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It implies that ݖ =  .ݖܳ

Hence ݖ = ݖܳ = ݖܪ = ݖܲ =  .ݖܩ

Therefore ܲ,ܳ,ܩ and ܪ have common fixed point ݖ. 

Similarly, proof can also be completed taking ܳ as continuous. 

Now suppose ܩ is continuous. Since ܲ and ܩ are compatible by Proposition 2.10 we have ݔܩܩଶ௡ 

and ܲݔܩଶ௡ convereges to ݖܩ as → ∞ . 

We claim that ݖ = ݔ and on putting ݖܩ = ݕ,	ଶ௡ݔܩ = 	   ,ଶ௡ାଵ in condition 2 we haveݔ

(ଶ௡ାଵݔܪ,ଶ௡ݔܩܩ)݀

≤ α	max ൝
ଶ௡ݔܩܲ)݀ ଶ௡ݔܩܲ)݀,(ଶ௡ାଵݔܳ, ଶ௡ݔܩܲ)݀,(ଶ௡ݔܩܩ, ,(ଶ௡ݔܪܪ,ଶ௡ݔܩܲ)݀,(ଶ௡ାଵݔܪ, ଶ௡ାଵݔܳ)݀ ,(ଶ௡ାଵݔܪ,

1
2 ൫݀

ଶ௡ݔܩܩ) (ଶ௡ାଵݔܳ, + ൯(ଶ௡ାଵݔܪ,ଶ௡ݔܩܲ)݀
ൡ 

Letting ݊ → ∞, we have 

,ݖܩ)݀ (ݖ ≤ α	max ൜݀(ݖܩ, ,(ݖܪ,ݖܩ)݀,(ݖܩ,ݖܩ)݀,(ݖ ,ݖ)݀,(ݖܩ,ݖܪ)݀ ,(ݖ
1
2 ൫݀

,ݖܩ) (ݖ + ,ݖܩ)݀ ൯ൠ(ݖ

= ,ݖܩ)݀ߙ  ,(ݖ

It implies ݖܩ =  .ݖ

Since ܺܩ ⊂ ܳܺ, hence there exists a point ݓ in ܺ such that ݖ = ݖܩ =  .ݓܳ

We claim that ݖ = ݔ and on putting ݓܪ = ,ଶ௡ݔܩ ݕ =  in condition 2 we have ݓ

(ݓܪ,ଶ௡ݔܩܩ)݀

≤ α	max ൝
ଶ௡ݔܩܲ)݀ ,(ݓܳ, ,(ଶ௡ݔܩܩ,ଶ௡ݔܩܲ)݀ ଶ௡ݔܩܲ)݀,(ଶ௡ݔܪܪ,ଶ௡ݔܩܲ)݀ ,(ݓܪ,ݓܳ)݀,(ଶ௡ݔܩܪ,

1
2 ൫݀

(ݓܳ,ଶ௡ݔܩܩ) + ൯(ݓܪ,ଶ௡ݔܩܲ)݀
ൡ 

i.e.  

(ݓܪ,ݖ)݀ ≤ α	max ൜݀(ݖ, ,(ݖ ,ݖ)݀ ,ݖ)݀,(ݖ ,ݖ)݀,(ݖ ,(ݓܪ,ݖ)݀,(ݖ
1
2 ൫݀

,ݖ) (ݖ +  ൯ൠ(ݓܪ,ݖ)݀

it implies that ݖ =   .ݓܪ

Since ܳ and ܪ are compatible on ܺ and ܳݓ = ݓܪ = (ݓܳܪ,ݓܪܳ)݀ so by Proposition 2.7 ,ݖ = 0. 

Hence ܳݖ = ݓܪܳ = ݓܳܪ =  .ݖܪ

Now we claim that ݖ = ݔ on putting ,ݖܪ = ,	ଶ௡ݔ ݕ =  in condition 2 we have ݖ

(ݖܪ,ଶ௡ݔܩ)݀ ≤ α	maxቐ
,(ݖܪ,ݖܳ)݀(ݖܪ,ଶ௡ݔܲ)݀,(ଶ௡ݔܪ,ଶ௡ݔܲ)݀,(ଶ௡ݔܩ,ଶ௡ݔܲ)݀,(ݖܳ,ଶ௡ݔܲ)݀

1
2 ൫݀

(ݖܳ,ଶ௡ݔܩ) + ൯(ݖܪ,ଶ௡ݔܲ)݀
ቑ 

i.e.  

(ݖܪ,ݖ)݀ ≤ α	max ൜݀(ݖܪ,ݖ),݀(ݖ, ,ݖ)݀,(ݖ ,(ݖ ,ݖ)݀ ,(ݖܪ,ݖܪ)݀,(ݖ
1
2 ൫݀

(ݖܪ,ݖ) +  ൯ൠ(ݖܪ,ݖ)݀

it implies that ݖܪ =  .ݖ
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Since ܺܪ ⊂ ܲܺ, there exists a point ݌	in ܺ such that ݖ = ݖܪ =   .݌ܲ

We claim that ݖ = ݔ on putting ,݌ܩ = ,݌ ݕ =  in condition 2 we have ݖ

,݌ܩ) (ݖ = (ݖܪ,݌ܩ)݀ ≤ α	max ൝
,(ݖܪ,݌ܲ)݀,(ݖܳ,݌ܲ)݀,(݌ܩ,݌ܲ)݀,(ݖܳ,݌ܲ)݀ ,(ݖܪ,ݖܳ)݀

1
2 ൫݀

(ݖܳ,݌ܩ) + ൯(ݖܪ,݌ܲ)݀
ൡ 

≤ α	max ൜݀(ݖ, ,ݖ)݀,(ݖܩ,ݖ)݀,(݌ܩ,ݖ)݀,(ݖ ,(ݖܪ,ݖܪ)݀,(ݖ
1
2 ൫݀

,݌ܩ) (ݖ + ,ݖ)݀  ,൯ൠ(ݖ

It implies that ݌ܩ =   .ݖ

Since, ܲ and ܩ are compatible on	ܺ, ݌ܩ = ݌ܲ = (݌ܲܩ,݌ܩܲ)݀ So, by proposition 2.7, we have .ݖ =

0 and hence ܲݖ = ݌ܩܲ = ݌ܲܩ =   .ݖܩ

That is, ݖ = ݖܲ = ݖܩ = ݖܳ =  .ܪ and ܳ,ܩ,ܲ is common fixed point of ݖ ,Therefore .ݖܪ

Similarily, proof can be completed when ܪ is continuous. 

Hence, uniqueness follows easily. 

Example 3.2. Let ܺ = [0,∞) be a digital metric space, and ݕ,ݔ)ܯ, (ߩ = ቀ ఘ
ఘାଵ

ቁ ,ݔ)݀ ,(ݕ

(ݕ,ݔ)݀	݁ݎℎ݁ݓ = ݔ| − ܺ:ܲ Let .|ݕ → ܺ be a self-mapping defined by 

(ݔ)ܲ = 	 ൝
ݔ
6 ݔ		݂݅					 ≤ 1

ݔ	݂݅							0 ≥ 1
 

We can easily that ܲ is a continuous  mapping. 
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