Jogendra Kumar, 1JSRR 2018, 7(4), 1998-2005
=== Research article Available online www.ijsrr.org ISSN: 2279-0543

International Journal of Scientific Research and Reviews

An Integral Representation of Bicomplex Dirichlet Series

Jogendra Kumar

Dept. of Mathematics, Govt. Degree College, Raza Nagar, Swar(Rampur) —244924, India

ABSTRACT
In this paper, we have defined the Bicomplex Dirichlet Series f(&) = ijan e *n5and investigate its
n=1

region of convergence. We have also obtained an integral representation of Bicomplex Dirichlet Series

f(&)= Yo, et
n=1
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1. INTRODUCTION

The set of Bicomplex Numbers defined as:
C, ={x, +i,X, +i,X, +ii,X, 1 X;,X,, X5, X, EC,, i, #i, and i; =i>=-1, i;i, =i,i,}
Throughout this paper, the sets of complex and real numbers are denoted by C, and C,, respectively. For
details of the theory of Bicomplex numbers, we refer to > 2?3 “. We shall use the notations C(i,) and C(i,)
for the following sets: C(i,) ={u+i,v:u,vEC,}; C(i,)={a+i,p:a,pEC,}
1.1 Idempotent Elements:

Besides 0 and 1, there are exactly two non — trivial idempotent elements inC,, denoted as e, and e, and
. 1+ii, 1-ii, _ o

defined as e, = — and e, = — Note that e, +e, =1 and e,e, =e,e, =0.

1.2 Cartesian Idempotent Set:

C, =C(i,) %, C(i,) =C(i,)e, +C(i,)e, ={€EC, : &= léel + 223921(1&1 2&) EC(i,)*xC(i,)}

C, =C(i,) %, Cli,) =C(i,)e, +C(i,)e, ={€€C, :E= & &, +&, 8,,(,,&, ) EC(i,) xC(i,)}

1.3 Idempotent Representation Of Bicomplex Numbers:

(1) C(i,)- idempotent representation of Bicomplex Number Throughout this paper C(i,)-idempotent

representation of Bicomplex Number is given by
E=(Xy +iX,)+i, Xz +iyX,)=2, +i,2,=(z,-1,2,)e, +(z, +1,Z,)e,

=[(xy + %)+ 06 - X5)] e + [0, -X,) + 1y (X, +X3)]e, ="Ee, + “Ce,
(1) C(i,)- idempotent representation of Bicomplex Number Throughout this paper C(i,)-idempotent
representation of Bicomplex Number is given by
E=(X, +1,X5) +i,(X, +i,X,)=w, +i,w, = (W, -i,w,)e, +(w, +i,w,)e,

=L+ %) -1, (%, -xg)]ey (X, -x,) +i,(X, +X5)]e, =& €, + 8, €,
1.4 Singular Elements:

Non zero singular elements exist inC, . In fact, a Bicomplex number & = z, +z,i, is singular if and

only if ‘zf + zi‘ =0. Set of all singular elements in C, is denoted as O, .

1.5 Norm:

The normin C, is defined as

2 22
- {f M{Mi ool
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C, becomes a modified Banach algebra, in the sense that &,m € C,, we have, in general,
[en]<v2e[n]
1.6 Complex Dirichlet Series > ° :
In general, a Dirichlet series is a series of the form

f(s) = E ae™ (1.1)

where {),} is a monotonically increasing and unbounded sequence of real numbers, and S=c+it is a
complex variable. When the sequence {A,} of exponent is to be emphasized, such a series is called a

Complex Dirichlet series of type A, .

If &, =n, then f(s) isa power seriesin z=¢e". If A, =logn, then

f(s) = Eann'S ............... (1.2)
is called an Ordinary complex Dirichlet series.
2. BICOMPLEX DIRICHLET SERIES:
The Bicomplex Dirichlet series is defined as
f(e) = Oil o, e’ . (2.1)
where {a,} is a sequence of bicomplex numbers, {1} is a strictly monotonically increasing and

unbounded sequence of positive real numbers and £<C, is a bicomplex variable. If A, =n, then

f(€)= Za, (e)" isapower series in ec. If A, =logn, then
n=1

f(¢)= Zan* ..(22)
n=1
is a Ordinary Bicomplex Dirichlet Series.

If o, =1in equation (3.2) f(£)= X nrepresent Bicomplex Riemann Zeta Function® * '* ! in
n=1

that consequence we named f(£) = Zo,n™ a Generalized Bicomplex Riemann Zeta Function®® 34,
n=1

Note that,

1 2
o€ =Coe ™ 2)ey + (e %)e,

© 0 1 © 2
= Ya,e "¢ :[Z o e ﬂeﬁ [Zzane‘x“ ﬂez

n=1 n=1 n=1
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R R o0 _ o0 _ 1 o0 _ 2
Now we denote the sum function of the series Yo, e 5, Y 'a,e” ° and X %a,e™ ° by
n=1 n=1 n=1

f(&), (&) and *f( %) respectively.
Thus (&) = *f('¢)e, + *f( %¢)e,

Then (&) = Sa, e”% is a Bicomplex Dirichlet series and f(*9)=5"og% , 2f( %)= 320,67 ¢ are
n=1 n=l n=l

Complex Dirichlet series. Throughout, we denote the abscissae of convergence of (%)= Zlo(ﬂe‘k”lé and
n=1

0 2

2f(%g)= Y %a,e™ % by o, and o,, and the abscissae of absolute convergence by &, and &,,
n=1

respectively.

THEOREM 2.1: A Bicomplex Dirichlet series 3 o,e”% converges for £=&, iff 3 ‘o e
n=1 n=1

converges for '& ="¢, and 5 2a,67¢ converges for 2& =2,
n=1
THEOREM 2.2: 1f f(&) = S a7 converges for £ =&, then >.c,e™ converges in the region
n=1 n=1

{£C,:Re('e) > Re('g) and Re(’¢) > Re(*g,) }
={£€C, X, +X, > X +xjandx, —x, > x§ —xJ}
or equivalently in the region

{¢eC, Re(z,) > Re(zf)and|lm(22) ~Im(z° )| <Re(z,) - Re(z))}.

COROLLARY 2.1: If Sae™® diverges for £=¢, then Yo,e’ diverges in the region

n=1 n=1

{£€C,:Re("e) <Re('go) and Re(*€) < Re(*&,) }
={£€C, X, +X, <X +x§ and x, —x, <x§ —xJ}
or equivalently in the region

{¢eC, Re(z,) < Re(zf)and|lm(22) - Im(22)| >Re(z,) - Re(z))}.
THEOREM 2.3: The Bicomplex Dirichlet series f(g)ziane‘kni converges in the region
n=1

R ={¢C, Re('¢)>c,and Re( %€)>0,} .
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3. AN INTEGRAL REPRESENTATION OF BICOMPLEX DIRICHLET SERIES:

DEFINITION 3.1:

Let[a,b] be an interval in C,. A curve C in C, isamapping {:[a,b] > C,. The trace of C is the set
{¢t)eCy:telab] ).
THEOREM 3.1% : Let $: X — C, be a continuous function, and let y be a curve defined by mapping

¢:[a,b] > X. If y has continuous derivative ':[a,b] - C,, then

b
[o(5(1) dC(t) = [ ¢ [S(D)] &'(1) dt

BICOMPLEX INTEGRALS AND THE IDEMPOTENT REPRESENTATION:
Let X be domainin C, and let f : X —C,, ()= (*¢) e, + % (°C) e, be a holomorphic function.

Let y beacurve {(t) = z,(t) +i,Z,(t), a<t<b whose trace is in X, so that {(t) = '{(t)e, + %¢(t) e,, shows
that there are curves vy, and vy,, with traces in X, and X, respectively, such that

v, ="(1) a<t<b

v,:20=2%¢(t) a<t<b
THEOREM 3.2 1: Under the above mentioned notations and hypothesis, integrals of f, f, and f, exists
oncurves vy, y, and vy, respectively and

Jf(odc{ [ () d(o) }el { sz(zod(zo}ez-

Y1 T2

DEFINITION 3.2 **:
Let E="ce,+°Ee,€C,, P= P& +Ps€,, PP, €Cp.
We define
L&) =[, e’ p-"dp
Where vy is a four dimensional curve in C, and v, = y,(p;), v, =v,(p,) are component curves with
traces in A, and A,, suchthat y=vy,e, +y,e,.

We have obtained the following result regarding the region of convergence of Bicomplex Gamma

function.

THEOREM 3.3: Let &=2,+2,i, eC,with Re(1§)>0and Re(2§)>0 then T,(¢) converges and

L) =T(e)e, +I'(*E)e,.
Moreover, { & € C, : Re(*¢)> 0 and Re(%¢)> 0}={ £ C, :Re(z,)> |Im(z,)|}.
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PROOF: By Def. 3.2 and Th. 3.2

L,(E)= JePp~tdp
Y

=1, (e_pl p e+ e p, ezj (dp,e; +dp,e;,)
{I e p, * " dpy }eﬁb e p, “ dp, }ez
0 0

=T(e)e +T(*)e,
Now, from the theory of the Gamma function of a complex variable, it is well known that the series

I'(s) converges in the half-plane Re(s)> 0.

Therefore, I'(*€) and T'(°€) converge, respectively, for Re(1§)>0 and Re( 2~§)>0.
Hence, I,(€) =T (*¢)e, + T'(°€)e, convergeson {£eC,: Re(1§)> 0 and Re(2§)> 0}.
Now let, £ = ¢ e, +2Ee, =2, +i,2, and z, = X; + iy Xy, Z, =Xz +iyX,

Ye =z, -z, =X + X4+ (X, =X3) and 2E =2, +0,Z, = X; — X4 + iy (X, +X3)
Re(*£)=x, +x, and Re(*&)=x, — X,

Since Re(1§)>0 and Re(2§)>0

& X+ X, >0 and x; —x, >0

< Xy > =X, and X; > X,

S Xy > Xy

< Re(zy) >|Im(z,) |

Hence, {£eC,: Re(1§)> 0 and Re(2§)> 0} ={ £eC, :Re(z;)>[Im(z,)|}.
THEOREM 3.4 ™: Let £='te, + 2 e, =7, +2,i, €C, with Re(z;)>|Im(z,)|. Then

1 _ 1 1
(o) Tto) ' TCo) *

Let u, =logi, and £€C,, p=p,e;+p,€,, PP, €Cy.
Where v is a four dimensional curve in C; and vy, = y;(p,), v, =7v,(p,) are component curves with
traces in A; and Az, such that y =vy,e; +v,€,.
THEOREM 3.5: Under the above mentioned notations and hypothesis,
1
I,(8)

Saget=—= | pti(To,e? )dp,
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provided that Re(zl) > \Im(zz )‘ and the series on the left is convergent.
PROOF: Let &=z,+i,2,€C, suchthat Re(z,)>|Im(z,)|. Then, by Th. 3.4,

1 1 1
7o &2
[,(8) F( é) F( £)

Further due to idempotent techniques,

. (3.1)

2¢ 1

-1 le—1
€1+tP €2

Pt =y
1 2
and Yo, e P =(Zlan e p) e1+(z 2o, e P ) e,
-1 Y le—1 1 -t Ze1 2 A2
NOW! pé (zane P ): plé (Z O('ne np)el"'pz : (Z O('ne ! p)GZ

I, 0 (Saye )dp

=] {pllg_l ( >ta, e_k”lp)el +p22§_1 (Z 2o, e P )ez }{dpl e, +dp,e, |
Y

=[in§‘1(zlan = dpl}el {Ipz (520, e )dpz}ez - (32)
0 0

Now by (3.1) and (3.2)

1 “n
F—(Q)I Pél(Za e“’)dp

=_ L oo+t e
rée) torie) C
= ﬁpf‘l(Zlan g P ) dp, }e1+ﬁp22§_1(220°n g P2 )dpz}ez}
0 0

1 i -1 1 2

= a, e’ ™ ) dp, }el{ a, e’ dpz}e2
=_ Tl [pE e dpl}el{i anz o2 dpz}ez

| TCE) 0 e
|1 71 2?”1‘ 2g) e,

¢ é) I reg xnﬁ

1 2
| o2 }{zx} L N
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