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ABSTRACT

In this work we have studied the effect of cosinusoidally varying temperature at the wavy
wall on the two dimensional free convective MHD viscous, incompressible flow confined between a
long wavy wall and a flat wall. Introduction of cosinusodally varying temperature distribution makes
the flow unsteady. Magnetic field is applied perpendicular to the flat wall. Governing equations of
the fluid flow and its heat and mass transfer are formulated with relevant boundary conditions. It is
assumed that the solution consists of two parts, a mean part and perturbed part. The long wavy wall
approximation is used to obtain the solution of perturbed part. Analytical expressions for velocity,
temperature, concentration, skin friction and the rate of heat and mass transfer at the walls are
obtained. The effect of various physical parameters on the important flow characteristics are

discussed numerically.
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INTRODUCTION

The study of unsteady free convective flow through a channel bounded by a long wavy wall
with cosinusoidally varying temperature and parallel flat wall has attracted the attention of number of
researchers, because of its possible application in transpiration cooling of re-entry vehicles, rocket
boosters and film vaporization in combustion chambers. In view of these applications, a series of
investigations have been done by different researchers to study the problem of free convective flow
through a channel bounded by a long wavy wall under the influence of magnetic field.

Lukodis et al ° investigated compressible boundary layer over a wavy wall. Shankar and
Sinha'® studied the Rayleigh problem for wavy wall. They arrived at the interesting conclusion that
at low Reynolds numbers the waviness of the wall quickly ceases to be of importance as the liquid is
dragged along by the wall, while at large Reynolds numbers the effects of viscosity are confined to a
thin layer close to the wall and a known potential solution emerges in time.

Lessen and Gangwani® analyzed the effect of small-amplitude wall waviness upon the
stability of the laminar boundary layer. Vajravelu and Sastri*® analysed the free convective heat
transfer in a viscous incompressible fluid between a long vertical wavy wall and a parallel flat wall.
Furthermore, they extended their work for vertical wavy channels.

Rao and Sastri® extended the work of Vajravelu and Sastri'* for viscous heating effects when
the fluid properties are constants and variables. Laminar natural convection flow and heat transfer of
a viscous incompressible fluid confined between two long vertical wavy walls has been analyzed by
taking the fluid properties constant and variable. In particular, attention was restricted to estimate the
effects of viscous dissipation and wall waviness on the flow and heat transfer characteristics using
Galerikn’s method. The solutions obtained for the velocity and the temperature-fields hold good for
all values of the Grashof number and wave number of the wavy walls.

Das and Ahmed? studied the free convective magneto hydrodynamic flow and heat transfer in
a viscous incompressible fluid confined between a long vertical wavy wall and a parallel flat wall. In
the above mentioned works, the diffusion-thermo (Dufour) and the thermal-diffusion (Soret) effects
were not taken into account in the energy and concentration equations respectively.

Hence several authors Dursunkaya and Worek®, Kafoussias and Williams*, Sattar and Alam®,

1112 stdied the Soret and Dufour effects on the

Alam et al', and Srinivasacharya and RamReddy
steady, laminar mixed convection heat and mass transfer along a semi-infinite vertical plate
embedded in a non-Darcy porous medium saturated with micropolar fluid.

Due to the importance of the thermal-diffusion and diffusion-thermo effects on the heat and

mass transfer-related problems, we propose in this paper to study the Soret and Dufour effects in free
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convective MHD flow of a viscous incompressible fluid through a channel bounded by a long
vertical wavy wall and a parallel flat wall.

In this paper, we have made an attempt to study the heat and mass transfer effect of
electrically conducting, viscous, incompressible fluid along a vertical channel bounded by a long
wavy wall and a parallel flat wall. A uniform magnetic field is applied in the y direction. The
temperature and species concentration profiles are assumed to be varying cosinusoidally with respect
to time at the wavy wall. This makes the flow unsteady. Analytical expressions are obtained to
calculate various flow characteristics and their behaviors with respect to different non dimensional

parameters are discussed with the help of numerical values.

MATHEMATICAL FORMULATION

We have considered two dimensional unsteady laminar free convective MHD flow along the
vertical channel bounded by long wavy wall and a parallel flat wall. The x-axis is taken vertically
upwards and parallel to the flat wall and the y-axis is taken perpendicular to it. The wavy wall and
the parallel flat wall are represented respectively by y = £cos kx andy = d. T,, C,, and Ty, C, are

the temperature and species concentration of the wavy wall and the flat wall respectively.

Wave lengh

Figure 1. Flow configuration

Our investigation is restricted to the following assumptions:
+« All the fluid properties, except the density in the buoyancy force term are constants.
+«+ The viscous and magnetic dissipation of energy are negligible.
%+ The volumetric heat source/sink term in the energy equation is absent.

% The magnetic Reynolds number is small enough to neglect induced Magnetic field.
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% The diffusion thermo (Dufour) and the thermal diffusion (Soret) terms are not taken into

account in the energy and concentration equations respectively.
%+ The wave length of the wavy wall, which is proportional to kl is assumed as large.

% Temperature and concentration distributions at the wavy wall are assumed to be varying
cosinusoidally which makes the flow unsteady.
Under the foregoing assumptions, the equations that govern the two dimensional unsteady
laminar free convective MHD flow and heat transfer in a viscous incompressible fluid occupying the
channel are given below.

The momentum equations

omw _ou , _oum op (621.7 621.7) 2_
—+U—+v— = —— 4+ ul=+=) - —
P (6E Uox vay) oz M52 ay? pPYx — 0By u (@D
oV _0v , _0v op 0%u , 0%u
—_+u—+v—) = ——+ (—+—) 2
p (at ox oy oy H\o%2 9y2 @)

The continuity equation:

o , av _
e = 0 3
The energy equation:

aT  _aT , _aT\ _ 82T | 8T
oG (Grrasz i) = x(Etin) *)

The species concentration equation:

_aC  _aC _ a%¢ | 9%C
Uost V% = (G5 ®)
In static conditions, Equation (1) takes the following form
_ % _ = 0 6

oz Po (®)
Now Equations (1) to (6) yield the following

ou  _du , _du a -
p(a—?+ua—;+va—;) = =@ —po) +glpo — p)+

0’u = 9%*u 2_
[.l(ﬁ"'a—yz)—O'Bo u (7a)

The equation of state is given by Boussinesq approximation:
p = poll = B(T —Tp) — B'(C — Cy)] (7b)
Equations (7a) and (7b) together give:

ou _ou _ou 0 ,_ _ — , _
P(a‘?*“a—;”a—;) = — 2B = Po) + poglB(T — To) + B'(C — Co)1+
0%u KT _
u(5a+555) —oBiu ®)

The relevant boundary conditions are:
y=&coskx:u=0,v=0,T=T,+e&(T,—Ty)coswt,C= C,+e(C,— C;)coswt (9)
y=d:u=0,5=0,T=T,,C= (10)

We introduce the following non-dimensional quantities:
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_ X 7 _ ud, _ ba. _ pa’,
x_Ey y_Ey u__1 v__y pvzy
5sd? fd |3 16 v
pszppsvzt—v, A =kd; €= Pr==%; Sc=—;
d3 T =T d3 Ce—C C,—C.
Gr = g.g(zw 0); Gm = g,g(zw 0); n=2= _s,
v v Cy—Cs
0By T, -T. C-C. T-T.
M=——; m=2=; C(=7—7; T=-—
pY Tp—Ts Cy—Cs Tw=Ts

The governing equations (2) - (5) & (8) - (10) become,

6_u+ u du

u—+v_— = ~2(p- )+62—u+62—u+GrT+GmC Mu
at ax dy ax P T Px ax2  9y?
) 2 2
at 0x ay dy 0x%2 9y?
aT aT aT %t | a*T
—+y—+v—) = — 4 —
pr (6t u 0x v 6y) 0x2 6y2+a
ac ac ac a%c . 9%c
Sc(—+u—+v—) = —+——
at ax ay dax2  9y?
ou v
UL = 0
dx 0y

The corresponding boundary conditions are:

u=0,v=0,=1+¢cost,C=1+¢ccost at Yy = £CO0S Ax

u=0,v=0,=m,C=n at y=1

SOLUTION OF THE PROBLEM

We assume the solution of the following form

u(x,y,t) = uy(y) + ee'tuy (y) + -
v(x,y,t) = vo(y) + getv, (y) + -
p(x,y,t) = po(y) +eep(y) + -
T(x,y,t) = To(y) + ee™ T, (y) + -
Clx,y.t) = Co(y) + e Cy(y) + -

(11)
(12)
(13)
(14)

(15)

(16)
@an

(18a)
(18b)
(18c)
(18d)
(18e)

Here the subscripts 0 and 1 denote respectively the corresponding steady and unsteady state

quantities. By substituting the transformations from Equations (18a) - (18e) into Equations (11) -

(15), and by equating the coefficients of¢°, & and neglecting the higher powers of € and assuming

aa_x (p — px) = 0, we derive the following set of ordinary differential equations:

dzuo _
dyz - MuO - _GTTO - GmCO (19)
a’ty,  _ _
ayr *
d?c
?20 = 0 (21)
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_aﬂ+ﬂ+azu1_

. duy '

iu, +ug—+vu, = GrT; + GmC,; — Mu 22

, vy op, , 0%v, , 3%v,

w, +uy,— = -t —+— 23
1 0 ax ay dx2 doy? ( )

Ta4ln = 0 (24)
X y

’rT, |, %1y _ , Ty ,

Py + oy = Pr (lT1 + u, re + UITO) (25)

o (aaacy = 2G4y (26)

Sc \ 0x2 dy? - 0 9x 1~0

These are subject to the following boundary conditions:

uy=0,Tyo=1,C, =1 at y=0

Uy =0,Tg=m,Cy=n at y=1 (27)
u; = —Re(ug(0)e™) v, =0,T, = (i - ReT(;(O))ei’lx ,

C, = (i - ReC(;(O)) e*aty =0

u=0,v,=0,T,=0, ¢, =0 at y=1 (28)

The solutions of the equations (20), (21) and (19) subject to the boundary conditions of equation (28)
are:

T, = 1+(m—1+g)y—0{Ty2 (29)

C,b, = 1+(n—-21)y (30)

Uy =CeVM + CeVMY + Ay + A,y + Azy? (31)

Consider the transformations,
w = u e, v, = v T = Tpe™ 6 = Cpet™

Equations (22) to (26) reduce to

iugq + iduglyy + Vg = —idpyy — Auy; + a;;? + GrTyy + GmCyy — Muy, (32)
Vg1 + idugvyy = - % — vy + a;;? (33)
dun+Ze = 0 (34)
—A2Ty, + a;yTgl = Pr(iTy, + iduoTyy +v11To) (35)
é (—/12 Ci1 + a;;?) = iAugCyy + v1,Co (36)

The relevant boundary conditions are
u11 = _ReU(’)(O) y Ull = O y T11 = l - ReT(;(O) )
C11 = 1—ReCy(0) at y=0 (37)
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Eliminatingu,;,and py; ,
% +(—22%2-M—i—- L/luo) L+ (A +iBuy + i + i)y, =

iA Grois "’T“ + i1 Gm 2 (39)
aaTél lPTT11 lAuOTll - PTU11T0’ - AZTll = O (40)
i acgl iScAuyCyy — Scv1,Ch — A2Cy, = 0 (41)
With boundary conditions,
Uil = _lAReulo(O) y Ull = O y T11 = 1 - ReT(;(O) y
Ci1 =1—ReCy(0) at y=0 42)
vy =0,v,;, =0,T;,,=0,C,; =0 at y=1 43)
Assuming the series expansion for v, , C;; and T,,we get
Vi1 = Avypq + APvgg, + oo (44)
€1 = Ci10 + ACyqq + A2Cyqp + - (45)
T, = Ty10 + ATyqq + A2Tyqp + - (46)

Substituting the equations (44), (45) and (46) into equations (39), (40) and (41) then by equating the
coefficients of A% 2 ,A%? and neglecting the terms of order greater than or equal to O(A3) , the

following solutions are obtained,

Vi1 = Cy + Cgy + Coe VMY + Coe VMY 4+ 011 eVIPT + CppeVIPT + (52 (47)
Tiio = CseViPTY + C e ViPry (48) Cio =
CS + C6y (49)

For the sake of brevity, the constants are given in appendix. Skin friction, Nusselt number and

Sherwood number are calculated using appropriate formulas.

RESULTS AND DISCUSSION

The unsteady free convective flow through a channel bounded by a long wavy wall with
cosinusoidally varying temperature and parallel flat wall with heat and mass transfer was
investigated in the presence of heat source and mass concentration. Analytical solutions for velocity,
temperature and concentration were presented in the previous section. The skin friction co-efficient,
heat transfer coefficient and mass transfer co-efficient were found. From the available analytical
solutions the numerical values for the distributions of velocity, temperature, concentration, skin
friction coefficient, Nusselt number and Sherwood number are calculated by fixing various values of

the non-dimensionless parameters involved in the problem.
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In order to get physical insight of the problem, we have carried out numerical calculations for
non dimensional velocity field, temperature field, species concentration field and skin friction at the
walls by assigning some specific values to the parameters entering into the problem and the effects of
these values on the above fields is demonstrated graphically. In our investigation the values of the
parameter A (frequency parameter) and € (amplitude parameter) are kept fixed at 0.001 and 0.01
respectively and the values of the other parameters are chosen arbitrarily.

Figures 2 to 7, represents the variation of velocity field u as a function of y for fixed values of
Hartmann number M, Grashoff number Gr, Modified Grashof number Gm, heat source parameter a,
ratio of wall temperature m and ratio of wall concentration n. From these figures we observe that the
velocity field increases as Gr, Gm, a, m and n increase and decreases as M increases.

Figures 8 tol7, exhibit the behavior of the temperature field against y for varying non
dimensional parameters o, m, Re, Pr, M, Gm and Gr. It is inferred from these figures that the
temperature field increases as a, m, Pr, M and Gm increases and decreases as Re and Gr increase.
Figure 18 represents the variation of species concentration C versus y under the influence of ratio of
wall concentration. It can be observed from these figures that increase in wall concentration ratio
increases the specific concentration.

Figures 19 to 22 represent the nature of skin friction T at both the wavy wall and flat wall,
wall shear stress increases with increasing wall temperature ratio and modified Grashof number.
Heat flux decreases with increasing modified Grashof number and wall temperature ratio. Mass flux
at the flat wall is found to be increasing due to the increase in the modified Grashof number and heat

source parameter.

CONCLUSION

We have considered two dimensional unsteady laminar free convective MHD flow along the vertical
channel bounded by long wavy wall and a parallel flat wall. The X - axis is taken vertically upwards and
parallel to the flat wall and the Y - axis is perpendicular to it. The wavy wall is represented by ¥ = &cos kx
and the flat wall is represented by y = d. We have assumed a cosinusoidally varying temperature and
concentration distribution at the wavy wall which makes the flow unsteady. Boussinesq approximation is
considered in the momentum equation. The non-dimensional governing equations of the flow are solved by
perturbation method. The effects of various physical parameters on velocity, temperature and concentration
distribution, skin friction co-efficient, Nusselt number and Sherwood number for various values of physical
parameters have been studied numerically. We have found qualitative agreement with the results obtained by
Nazibuddin Ahmed, Kalpana Sarma & Hiren Deka’ for steady flow.

Some important findings are given below.
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+«+ The fluid motion is retarded due to the presence of transverse magnetic field and accelerated due to
thermal - diffusion and diffusion thermo effects.

« Anincrease in heat generating source and the ratio of wall temperature leads the fluid temperature to
increases.

«+ Anincrease in the values of the heat source parameter causes the fluid temperature to rise slowly and
steadily.

«+ The wall shear stress at the wavy wall increases with increasing wall temperature ratio and Grashof
number and wall temperature ratio. Heat flux decreases with increasing Grashof number and wall
temperature ratio. Mass flux at the flat wall is found to be increasing due to increase in modified

Grashof number and heat source parameter.
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Figure 2. Velocity versus y for varying a for Pr = Figure 5. Velocity versus y for varying Gr for Pr =
0.71, Gr=2,Gm=2,5c=0.6,M=0.5,m=5,n=1, 0.7, a=1,Gm=2,5¢=0.6, M=0.5, m=5,n=1, A=
=0.001, £€=0.01,Re = 1. 0.001,e=0.01,Re =1
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Figure 3. Velocity versus y for varying M for Pr = Figure 6.Velocity versus y for varying m for Pr = 0.71,
0.71, x =1, Gr=2, Gm=2, SC=0.6,m=5,n=1,k= a=1, Gm=2, Gr=2, SC:O.G,M=0.5,H=1,)\.=
0.001,£=0.01, Re =1 0.001, £ =0.01, Re = 1.
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Figure 7. Velocity versus y for varying n for Pr = 0.71,
a=1,Gm=2,Gr=2,S¢c=06,M=05 m=5,A=
0.001,£=0.01, Re =1

Figure 4. Velocity versus y for varying Gm for Pr =
0.7, x=1,Gr=2,Sc=06,M=0.5,m=5,n=1,L=
0.001,£=0.01,Re=1
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Figure 8. Temperature versus y for varying a for Pr =
0.71,Gr=2,Gm=2,Sc=06,M=0.5,m=5,n=1, A
=0.001,£=0.01, Re =1
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Figure 9. Temperature versus y for varying m for Pr
=0.71,Gr=2,Gm=2,Sc=0.6, M=05,n=1,A=
0.001, £ =0.01, Re = 1.
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Figure 10. Temperature versus y for varying Re for
Pr=0.71,Gr=2,Gm=2,Sc=0.6, M=0.5,n=1,A =
0.001, £=0.01, m = 5.
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y
Figure 11. Temperature versus y for varying Pr for
m=5Gr=2,6m=2,Sc=0.6, M=0.5,n=1,A=
0.001, £€=0.01, Re = 1.
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Figure 12. Temperature versus y for varying M for
Pr=071,Gr=2,Gm=2,5¢c=0.6,m=5,n=1,A=
0.001, £ =0.01, Re = 1.
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Figure 13. Temperature versus y for varying Re for
Pr=071,Gr=2,Gm=2,5¢=0.6,m=5,n=1,A=
0.001, £=0.01, M =0.5.
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Figure 14. Temperature versus y for varying Gm for Figure 17. Temperature versus y for varying Pr for
Pr=0.71, Gr =2, Sc=0.6, m=5, M=0.5, n=1, A= M =0.5 Gr=2,Gm=2,S¢=0.6, =5 ,n=1, A=
0.001,& = 0.01,Re=1. 0.001, = 0.01,Re=1
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Figure 15. Temperature versus y for varying Gr for Figure 18. Concentration versus y for varying n for
Pr=0.71,Gm=2,Sc=06,m=5n=1 M=0.5A= Pr=0.71, Gr=2,Gm =2, S¢=0.6, M= 0.5, m=5, L =
0.001, £ =0.01, Re = 1. 0.001,£=0.01, Re =1
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Figure 16. Temperature versus y for varying M for
Pr=071,Gr=2,Gm=2,5¢=0.6,m=5,n=1,A=
0.001,£=0.01, Re =1

Figure 19. Skin friction versus Gm for varying a for
Pr=0.71,Gr=2,n=1,Sc=06,M=05 m=5A=
0.001,£=0.01, Re =1
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Figure 20. Skin friction versus Gm for varying Gr for Figure 21. Skin friction versus Gm for varying M for
Pr=071,0=1,n=15Sc=0.6,M=0.5,m=>5,.= Pr=071,0=1,n=1,8=06,Gr=2,m=5,3=
0.001,£=0.01, Re=1 0.001,£=0.01, Re=1
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3 T —
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Figure 22. Skin friction versus Gm for varying m
for Pr=0.71,a=1,n=1, Sc= 0.6, Gr = 2,
M=0.5,2=0.001,6=0.01,Re =1
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APPENDIX

Vo = 0

Gr Gra am
Ay = =4+
M 2M?2 M

e S
4; = -
c _ —Are™VM (A +4,+43)
1 = PR
c _ ~(A1+Ap+A3)+A41eVM
2 = oM _ VM
_ (1—Re(m—1—%))e_ iPr
G = VBT o ViPT
_ —(1—Re(m—1+%))em
€ = VBT iPT
Cs = 1—Re(n—1)
Ce = Re(n—-1)-1
¢y = C14 — (Co + Cyo)
dy = —Cyo(M + 1) (e_m - em) — (em — 1) (\/W)(Clge_m —
C17) + (e77F = 1) (CLe (VT + D)V — ¢, (VM 1))
d, = —(M +1i) (e“/m - em) + (e‘/m - 1) (VM +7) (e“/m - 1) +
(e“/m - 1) (VM +1) (e‘/m - 1)
Cg = j—j
dy = (-(VM+10)Crge ™M+ + ¢, (WM + 1) — (Cro( —VM +1)e VM
+(VM +1i)) + (e_m - 1) (Cy7 — Cig)
Co = j—j
dy = (€ (VI 1) = (VI 1) Crge ™) — (5 — 1) (Cyg — C17)
+Co(VI+7) (e/7¥1 - 1))
C1o = z_:
C _ i Gr C3ViPT
1 - (iPr)2—(M+i)(iPT)
Cyy _ —i Gr C\ViPT

(iPr)2—(M+i)(iPT)
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CEE zl(irzr\;f?)

Ciq = —(Cy1 + Cy3 + C13)

Cis = —iRe(C;VM — C2VM + A;) — C11ViPT + CypViPT
Ci6 = —C11em - C1ze_m — (13

C17 = —Cy4ViPr VP — Cp\iPre VT — 2¢;5

Cig = —iRe(C;VM — C2VM + A;) — Ci1ViPT + CypViPT
Cio = Ci6 — C1a
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