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I. BASIC DEFINITIONS 
1, 2

 

Let  RyxiyxzC  ,/ be the set of all complex numbers.  Where x and y are called the 

real and imaginary parts of z . These are denoted by )(Re z and )(Im z respectively.  The conjugate 

of the complex number z is denoted by iyxz  and the modulus of z is denoted by .22 yxz 

Let  ZyxiyxiZ  ,/)( be the set of all Gaussian integers. Let 








 0)(,/)( qandiZqp
q

p
iQ

be the set of all complex rational numbers. So that CiQiZ  )()( .Let Cz then z is rational if 

)(iQz , z is irrational if )(\ iQCz and z is  quadratic irrational if z is irrational and there exist  

)(,, iZCBA  such that 02  CBzAz and 0A . 

Greatest common divisor of any two complex numbers:
3, 4, 5

 

Let 0),(, 221  ziZzz . Then the greatest common divisor of 1z and 2z is denoted by 

),(gcd 21 zz and it is defined to be a Gaussian integer g such that 1| zg and 2| zg and there is no 

Gaussian integer h such that gh  that divides both  1z and 2z . In this case we write gzz ),(gcd 21  

If Ryx ,  then the floor function of x and y are denoted by  x and  y  respectively. So that 

  1 xx  and   1 yy . Let Cz .  Then z  is a quadratic irrational if and only is 
s

rqp
z


 for 

some 0,0,)(,,,  sqiZsrqp and r is not a perfect square. 

II. INTRODUCTION 

An expression of the form 
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Where ,,,, 3210 aaaa  are in )(iZ and sei ' are units of complex numbers.   Therefore

  ,...3,2,1,,,1,1  kiiek
is known as a complex continued fraction.

6,7,8 
                              

The complex continued fraction is commonly expressed   as 



3

3

2

2

1

1
0

a

e

a

e

a

e
a .                        

The quantities ,,,,
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e
a are called the elements of the complex continued fraction. 
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In a finite complex continued fraction the number of elements are finite.   Where as an 

infinite continued fraction have infinite number of quantities. 

Therefore 
n

n
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e
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1
0

 is known as finite complex continued fraction and an 

expression 
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a is known as an infinite complex continued fraction. In 

a finite or infinite complex continued fraction ,,,, 3210 aaaa are called the partial quotients where 

as ,,, 321 eee are known as the partial numerators. 

The length of a finite complex continued fraction 
n
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 is 1n  and the 

length of a infinite continued fraction   
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a  is  .The value of the 

finite complex continued fraction is denoted as 
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2.1 Convergent of complex continued fraction:
6,7,8

                                                       

The successive convergent of the complex continued fractions are  0a  , 
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and so on and they are denoted by  
0

0
0

q

p
c  , 

1

1
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p
c  , 

2

2
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q

p
c  ,… In general the nth    convergent is 

denoted by 
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0 . Where spi ' and sqi ' are called the numerators and 

denominators of the complex continued fraction. 

2.2 Properties of complex continued fraction :
6,7,8

 

 Let 







 ,,,,,
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e
a be an infinite complex continued fraction.  We inductively 

define two infinite sequences  
kp and 

kq where 1k by 

           00 ap          11 p                 10 q      01 q  

           
0,21   kpepap kkkkk    0,21   kqeqaq kkkkk  

III. ALGORITHMS AND THEOREMS 

3.1 Algorithm of complex continued fraction:
9
 

Let Cx .Suppose we wish to find continued fraction expansion of x , take ).Im()Re(0 xixx   
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Let  )Re()Re( xxa   and  )Im()Im( xxb   so that 0a and 0b .Now 

       )Im()Re(0 xixx , a floor function. Where      

















bawithbifai

bawithbaif

baif
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 Set           00 xa  .  Then   
 00

1

1

xx
x


 and        )Im()Re( 111 xixx . 

Again set   11 xa  .  Then  
 11

2

1

xx
x


 and        )Im()Re( 222 xixx ,  22 xa  .Then  

 22

3

1

xx
x




 

and            )Im()Re( 333 xixx
, 

 33 xa  ….  11   kk xa .                                  

Then  
 11

1

 


kk

k
xx

x and        )Im()Re( kkk xixx .and   kk xa  . 

The algorithm terminates if the complex continued fraction is finite otherwise it is no terminating. 

3.2 Euclid’s  algorithm for complex continued fraction:[4] 

Let )(, 10 iZuu  .  Then we  try to find the ),(gcd 10 uu by using Euclid’s algorithm. 

Divide 
0u  by 1u if )()( 10 uNuN  , where N is the norm of the complex number. 

Therefore 
1

2
0

1

0

u

u
a

u

u
  where )(0 iZa  is the quotient and )(2 iZu  is the remainder. 

Again        
2

3
1

2

1

u

u
a

u

u
  where )(1 iZa  is the quotient and )(3 iZu  is the remainder. 

And            
3

4
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3
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u
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u

u
  where )(2 iZa  is the quotient and )(4 iZu  is the remainder…. 
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   where )(1 iZan 
is the quotient and )(1 iZun 

is the remainder. 

And            n

n

n a
u

u


1

 where )(iZan  is the quotient and 0 is the remainder. 

Here  njC
u

u

j

j
...,2,1,0,

1




 Where niiZsai ,..2,1,0),('  are the quotients and 

1,..3,2),('  njiZsu j are the remainders. These quotients are treated as the partial quotients of  

the 
1

0

u

u
, the ratio of the complex numbers. 

Therefore the complex continued fraction of  naaa
u

u
,...,, 10

1

0  . 
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Note: 

1. 
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a where  is a floor function and     
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The successive quotients are found by the same procedure. 

2. Remainders are found by using the relations
jjjj uauu 111   , nj ,...2,1 . 

Example 3.2.1 : )34,133(gcd ii   Since )34(25178)133( iNiN  , divide )133( i by 

)34( i . 

Therefore 
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Hence  1)34,133(gcd  ii .                       

 Example 3.2.2 : )3626,617(gcd ii   Since )3626(19723770)617( iNiN  , divide 

)617( i by )3626( i .                      

Therefore 
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Hence iii 37)3626,617(gcd  . 

Definition:[3] 

The function )(: iZCFf  is said to be a floor function if  1)(  ZzF for every CZ . 

The function  iiCFs ,,1,1:  is said to be a sign function. 

3.3 Complex continued fraction algorithm (J.O. Shalit,1979 ):10
 

If )(: iZCFf  is a floor function and  iiCFs ,,1,1:   is a sign function together with 

the following sequence is known as a complex continued fraction algorithm.  

(i)  ZZ 0
   

(ii) )( nfn ZFa   

(iii) )(1 nsn ZFe 
 

(iv) 
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3.4 Theorem  

If 
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ii by  and 1iy for 1,...2,1,0  ni and 1 nn by . 

Also  ii yb   for all nii 0, . 
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11   ii fe and 

11   ii yx  and     1111   iiii bayx       

for 1,...2,1,0  ni . 

Next to prove that nj  . 

Case (i): nj  . 

Since     jjjjjj bayxyx  . 
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Using Euclid’s algorithm we get jj

j

j
ax

q

p





. Which is a contradiction to 

jj by  . 

Case (ii):  If nj   then we get the same contradiction. 

So that nj  . 

3.5 Theorem  

If  )(iQz  then the continued fraction of z  is finite. 

Proof: 
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As 11 nx
   

and    nnn qqf   11 ,1 for all Nn . 

As  iZqn there exist NN such that 01 
Nq . 

If  00001 





 NNN

N

N
NNNN axa

q

p
aqpq . 

Therefore Euclidean algorithm terminates after N transformations. 

This completes the proof of the theorem. 

3.6 Theorem  

If  )(\ iQCz  then the continued fraction of z  is infinite. 

Proof: 

Every rational complex number represents a finite complex continued fraction.  

Also in a finite continued fraction 0 nn ax where  nn xa  . 

If 
0x  is irrational then 000 ax or    000  xx  or 0)( 00  xFx l . 

Suppose  
kx  is irrational then 0)(  klk xFx . 

Consequently for every 0,  nn axNn . So that continued fraction is infinite. 

This completes the proof. 

In this paper we try to find the solution of the quadratic equation 02  nnxkx  where











2

n
k and n is odd. Since 042  knn , the roots of the equation are complex. Also complex roots 

are occurs in pair and continued fraction of these roots are infinite. 
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If 
1 and 

2 are the complex roots of the equation 02  nnxkx  then their continued 

fractions are  

 ,...,, 210 ccc   and  ,...,, 210 ddd  respectively. Where sci ' and )(' iZsdi  . 

Here the continued fractions of 
1 and 

2  are calculated by using either using Euclidean algorithm or 

complex continued fraction algorithm and comparison of their continued fractions are made. 

IV. ILLUSTRATIONS 

4.1 Illustration  

Find the complex continued fraction of the roots of the quadratic equation 0994 2  xx . 

Solution 

Roots of the above quadratic equation are i9922.01250.11  and i9922.01250.12   

Case (i): Continued fraction of the root i9922.01250.11   

Take ix 9922.01250.10  Then 1250.0)1(1250.1 a and  9922.0)0(9922.0 b  

Therefore   iaiix  1101 00
. 

Now  ix
ii

x 4973.09690.7
)]1()9922.01250.1[(

1
11 


  

Round off the imaginary part to 0.5 , ix 5.09690.71    

Then 9690.0)7(9690.7 a and  5.0)0(5.0 b  

Therefore   88107 11  ax . 

Again   ix
i

x 9923.11235.0
)]8()5.09690.7[(

1
22 


  

Then 8765.0)1(1235.0 a and  0077.0)2(9923.1 b  

Therefore    iaiix 2121021 22  . 

ix
ii

x 0100.01408.1
3)]21()9923.11235.0[(

1
3




  

Then 1408.0)1(1408.1 a and  9900.0)1(0100.0 b  

Therefore   111 33  aiix . 

ix
i

x 5.00666.7
)]1()0100.01408.1[(

1
44 


  

Then 0666.0)7(0666.7 a  and  5.0)0(5.0 b  

Therefore   77007 44  ax . 



Krithika S. et al, IJSRR 2018, 7(4), 829-840 

IJSRR, 7(4) Oct. – Dec., 2018                                                                                                         Page 837 
 

ix
i

x 9651.12618.0
)]7()5.00666.7[(

1
5 5 


  

Then 2618.0)0(2618.0 a  and  0349.0)2(9651.1 b  

Therefore   iaiix 22020 55  . 

ix
ii

x 50.07530.3
)]2()9651.12618.0[(

1
66 


  

Then 7530.0)3(7530.3 a and  5.0)1(5.0 b  

Therefore   iaiix  4413 66
. 

ix
ii

x 6077.17942.0
)]4()50.07530.3[(

1
77 


  

Then 2058.0)1(7942.0 a and  3923.0)2(6077.1 b  

Therefore   iaiix 2121021 77  . 

Case (ii): Continued fraction of the root i9922.01250.11   

Take ix 9922.01250.10   

Then 1250.0)1(1250.1 a  and  0078.0)1(9922.0 b  

Therefore   iaiix  1101 00
. 

Now  ix
ii

x 4973.09690.7
)]1()9922.01250.1[(

1
11 


  

Round off the imaginary part to 0.5 , 

ix 5.09690.71    

Then 9690.0)7(9690.7 a  and  5.0)1(5.0 b  

Therefore   iaiix  8817 11 . 

Again   ix
ii

x 9923.11235.0
)]8()5.09690.7[(

1
22 


  

Then 8765.0)1(1235.0 a and  0077.0)2(9923.1 b  

Therefore    iaiix 2121021 22  . 

ix
ii

x 0100.01408.1
)]21()9923.11235.0[(

1
33 


  

Then 1408.0)1(1408.1 a  and  9900.0)1(0100.0 b  

Therefore   111 33  aiix . 
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ix
i

x 5.00666.7
)]1()0100.01408.1[(

1
44 


  

Then 0666.0)7(0666.7 a and  5.0)0(5.0 b  

Therefore   77007 44  ax . 

ix
i

x 9651.12618.0
)]7()5.00666.7[(

1
55 


  

Then 2618.0)0(2618.0 a  and  0349.0)2(9651.1 b  

Therefore   iaiix 22020 55  . 

ix
ii

x 50.07530.3
)]2()9651.12618.0[(

1
66 


  

Then 7530.0)3(7530.3 a  and  5.0)1(5.0 b  

Therefore   iaiix  4413 66
. 

ix
ii

x 6077.17942.0
)]4()50.07530.3[(

1
77 


  

Then 2058.0)1(7942.0 a and  3923.0)2(6077.1 b  

Therefore   iaiix 2121021 77  . 

From case(i) and case (ii) we get the complex continued fraction of the given equation are  

 ,21,4,2,7,1,21,8,11 iiiii   and 

 ,21,4,2,7,1,21,8,12 iiiiii   

4.2 Illustration  

Find the complex continued fraction of the roots of the quadratic equation 

0232311 2  xx . 

Solution 

Roots of the above quadratic equation are i9990.00455.11  and i9990.00455.12   

Similar to case (i) and case (ii) of previous illustration we find that the complex continued fraction of 

the given equation are  ,,2,21,7,1,21,22,11 iiii   and 

 ,2,21,7,1,21,22,12 iiiii   

4.3 Illustration  

Find the complex continued fraction of the roots of the quadratic equation 0332  xx . 

Solution 

Roots of the above quadratic equation are i8660.050.11  and i8660.050.12   
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The complex continued fraction of the roots of the given equation are

 iii  2,21,2,11  and  iii 21,2,12   

4.4 Illustration  

Find the complex continued fraction of the roots of the quadratic equation 012  xx . 

Roots of the above quadratic equation are i8660.050.01  and i8660.050.02   

Solution 

The complex continued fraction of the roots of the given equation are  iii  2,21,2,1  

and  iii 21,2,2   

V. CONCLUSION 

From the above illustrations we conclude that the complex continued fraction the quadratic 

equation of the form 02  nnxkx  where 









2

n
k and n is odd and 3 are

 ,...,,,2, 432101 ccckcc  and  ,...,,,2, 432102 cccikcc  .If  3n then 

 iii  2,21,2,11  and  iii 21,2,12  .If 1n and nk  then 

 iii  2,21,2,1  and  iii 21,2,2  . Hence If 3n the complex continued fraction 

of the roots of the above quadratic equation are infinite where as if 3n and when 1 kn the 

complex continued fractions are periodic.   
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