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ABSTRACT:

A Fibonacci prime labeling of a graph G = (V(G), E(G)) with |V(G)| = n is an injective
function g:V(G) - {f,.f;,....f,.1} , where f, is the n*" Fibonacci number that induces a function
g*:E(G) » N defined byg*(uv) =gcd{g(u),g(v)} =1V uveE(G). The graph G admits a
Fibonacci prime labeling is called a Fibonacci prime graph. In this paper we prove that udukkai
graph and octopus graph are Fibonacci prime graphs.
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ILINTRODUCTION

In this paper, only finite simple undirected connected graphs are considered. The graph G
has vertex set V =V (G) and edge set E = E (G). The set of vertices adjacent to a vertex u of G is
denoted by N(u). For notations and terminology we refer to Bondy and Murthy™.

The notion of prime labeling was introduced by Roger Entringer and was discussed in a paper
by Tout>.Two integers a and b are said to be relatively prime if their greatest common divisor is
1.Many researchers have studied prime graph. Fu.H? has proved that the path P, on n vertices is a
prime graph. Around 1980 Roger Entringer conjectured that all trees have prime labeling which has
not been settled so far.

I1.BASIC DEFINITIONS
Definition 2.1
The Fibonacci number f,, is defined recursively by the equations
firlifo =10 fori =fat fuoo (22).
Note 2.2

Itis observe that, g.c.d(f, frs1) =1 Vn=>1,

g.c.d(fn, fasz) =1Vn=1

Definition 2.3

A prime labeling of a graph G is an injective function
fv(G)-{12,....[v(G)|]} such that for every pair of adjacent vertices
u and v, gcd{f (u), f(v)} = 1.A graph which admits a prime labeling is called a prime graph.
Definition 2.4

A Fibonacci prime labeling of a graph ¢ = (V,E) with |V(G)| =n is an injective function
g V(G) = {fo, f5r e oo .. fns1} ;Where f,, is the n'" Fibonacci number that induces a function
g* + E(G) » N defined by g* (uv) = g.c.d{g(w),g(v)} = 1V uv € E(G).

The graph which admits a Fibonacci prime labeling is called Fibonacci prime graph.
Definition 2.5

An udukkai graph U,n =2 is a graph constructed by joining two fan graphs

F,,n > 2 with two paths P,,n > 2 by sharing a common vertex at the centre.

IJSRR, 7(2) April - June, 2018 Page 590



S.Chandrakala et al., IJSRR 2018, 7(2), 589-598

Definition 2.6

An octopus graph O, (n > 2) can be constructed by joining a fan graph F,, (n > 2) with a star

graph K, , by sharing a common vertex which is the centre of the star.
Definition 2.7

Duplication of a vertex v of graph G produces a new graph G’ by adding a new vertex v’
such that N(v) = N(v). In other words a vertex v' is said to be duplication of v if all the vertices

which are adjacent to v in G are also adjacentto v'in G
Definition 2.8

A vertex switching Gy of a graph G is obtained by taking a vertex v of G, removing the
entire edges incident with v and adding edges joining v to every vertex which are not adjacent to v in
G.

Definition 2.9

Let u and v be two distinct vertices of a graph G.A new graph G; is constructed by
identifying (fusing) two vertices u and v by a single vertex x in G such that every edge which was

incident with either u or v in G now incident with x in G.
1. MAIN RESULTS
Theorem 3.1
An udukkai graph U,,n > 2 is a Fibonacci prime graph where n is any positive integer.
Proof:

Let U, be the udukkai graph with vertices {uq,u,,......... Ugn—1}, Where u, is the common
vertex .Here |V (Up)|=4n-1.

Define g:V(Uy,) = {fo. f5 .+ o e oo . fan } @S fOllOWs

guy) = f;

gw) =fiy1,2<i<4n-1
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Define the induced function g*:E(U,) - N by
g*uv) = g.c.d{g(u),g(v)} vV uv € E(U,).

Clearly the vertex labels are distinct.

Now, g. c.d{g(uy), g(u;)} = gcd {f3, fiz1} =gcd {1, fi.,} =1 for all i.
g.c.d{g(u;), g(uir1)} = 9cd {fis1, fisa} =1 for2<i<4n-1.

Thus U,, admits Fibonacci prime labeling .Hence U, is a Fibonacci prime graph.

Example 3.2
un Uy
& ]
fiz fio
Figure 1: Fibonacci prime labeling for Uz
Theorem 3.3

The switching of an apex vertex u, in an udukkai graph U,, n > 2 produces a Fibonacci

prime graph, where n is any positive integer.

Proof:

Let G = U, and V(U,) = {uy, uy ... .. ... Uy, -1} be the vertex set of an udukkai graph U, ,n >
2.Let G, denotes the graph obtained by an apex vertex switching of G with respect to the vertex u,
At is obvious that |[V(Gy)|=4n-1.

Define g:V(G,) = {fo. f3 oo e oo fan}
by g(u,) = f»
gw) =fi1,2<i<4n-1

Then the induced function  g*:E(G,) — N is defined by
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g (wv) = ged{g(w), g(w)} v uv € E(G,)
Now,ged {g(us), g(u;)} = ged {f, fir1} = ged {1, fi1,} = 1 forall i
ged{g(u;) . g (uir1}= 9cd {fis1, fir} =1for 2<i<dn-—1
Thus G,, admits a Fibonacci prime labeling .Hence G, is a Fibonacci prime graph.

Illustration 3.4

e TR T
iy L] . L 1
f; f1; fs fio
f;0m ¥

Figure 2: Switching an apex vertex u, in Us.
Theorem 3.5
An octopus graph O, is a Fibonacci prime graph where n is any positive integer.

Proof:

Let G be an octopus graph O, .Let uy, u; ... ... ... ... . U441 be the vertices of G.Let E(G) be

the edge set of an octopus graph where
E@G)={uu; /7 1<i<2n+1}uf{wu;y, / 2<i<n}.
Here |V (G)|=2n+1, where n is any positive integer.
Define g:V(G) = {f2, f3, . v oo oo« fons2}
by g(w) = f>
g;) = fiy1, 2<i<2n+1.

Then the induced function g*: E(G) — N is defined by g*(uv) = ged{g(u), g(v)}vuv € E(G).
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Now,ged {g(u,), g(u)} =gcd {f2, fir1}
=gcd {1,f;,1} =lforl<i<2n+1
ged{g(u), g(uir1)} = ged {fis1, fir2} =1, 2<i<nm
Clearly the vertex labels are distinct and
g*(uv) = ged {f(w), f(v)} =1vuv € E(G).
~ G admits a Fibonacci prime Labeling .Hence G is a Fibonacci prime graph.

Example 3.6

Figure 3: Fibonacci prime labeling for 0,

Theorem 3.7

The graph obtained by duplication of a pendant vertex u; of an octopus graph O, is a Fibonacci

prime graph, where n is any positive integer.
Proof:

Let G be an octopus graph O,. Let u,be the pendant vertex of an octopus graph 0,and u, be its
duplicated pendant vertex. Let G be the graph obtained by duplication of the pendant vertex wu; in

0,, ,where n is any positive integer.

Then |V (Gi)|=2n+2.

Define g:V(Gr) = {f2, f3 - v vov v oo fanas} DY
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9w = f;
gw;)=fiz, for2<i<2n+2
Then the induced function g*: E(Gy) — N is defined by
g (uv) = ged{g(w), g(w)} v uv € E(Gy)
Now,gcd {g(u,), g(u;)} = gcd (f5, fi+1) =1foralli.
ged{g(w;), g(wir1)} = 9cd (fir1 fisz) =1V wiuiy € E(Gy) -
Clearly vertex labels are distinct and g*(uv) = gcd{g(u), g(v)}=1V uv € E(G;) .
Thus G, admits a Fibonacci prime labeling .Hence G is a Fibonacci prime graph.

Example 3.8

Figure 4: Duplication of a pendant vertex ug in O .

Theorem 3.10

The graph obtained by identifying any two pendant vertices u; and ux of an octopus graph Oy, is

a prime graph, where n is any positive integer.
Proof:
LetV(0,) = {uy, uy, ... ... . Uypy1}and

E0,) ={wu;/ 2<i<2n+1}u{uu, /2 <i<n}.
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Let G be the graph obtained by identifying a pendant vertices u; and uk in an octopus graph O,
Here |V (Gk)|=2n ,where n and k are both odd or even .

Define a function g: V(G,) = {f2. f3, -+ -+ e oo fon+1} @S fOllows
gw;) =fi;1,1<i<2n
Then the induced function g*:E(Gy) — N is defined by
g (uv) = ged{g(u), g(w)}Iv uv € E(Gy).
Clearly vertex labels are distinct and g*(uv) = gcd{g(u), g(v)} =1V uv € E(Gy)

Hence G, admits a Fibonacci prime labeling .Hence the graph obtained by fusing any two pendant

vertices u; and ux of an octopus graph O, is a Fibonacci prime graph.

Example 3.11

Figure 5:Fibonacci prime labeling by fusing ug and ug

Theorem 3.12

The switching of an apex vertex u, in an octopus graph O,, produces a Fibonacci prime

graph, where n is any positive integer.
Proof:
LetV(0,) = {uq, uy, ... ... . Uzpeq}and

E(0,) ={uwu; / 2<i<2n+1}uU{uu;;,/2 <i < n}. Let G, be the graph obtained by
switching an apex vertex us in an octopus graph O, .Here [V(Gy)|=2n+1 .

Define a function g:V(G,) = {f2. f3, .. -« .. .. fons+2} @S follows
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gu;)=fi;,1<i<2n+1
Then the induced function g*:E(G,) — N is defined by
g (uv) = ged{g(u), gw)}Iv uv € E(Gy).
Clearly vertex labels are distinct and
g*(uv) = ged{g(w), g(v)} = 1V uv € E(G,).

Hence G,, admits a Fibonacci prime labeling .Hence the graph obtained by switching an apex vertex
in an octopus graph O, is a Fibonacci prime graph.

Example 3.13
Wy % WL ¥
L
»
f:
fz fs fs f10
] # L] #
Ty o~ s Ty
Figure 6: Switching of an apex vertex u; in O,
CONCLUSION

We proved that udukkai graph and octopus graph are all Fibonacci prime graphs. Extending
the graph by the operations duplication, switching, fusing are also discussed. Further discussion will
be performed in this context.
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